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From Rules for the Direction of the Mind Rule II

... This furnishes us with an evident explanation of the great
superiority in certitude of arithmetic and Geometry to other
sciences. The former alone deal with an object so pure and
uncomplicated, that they need make no assumptions at all which
experience renders uncertain, but wholly consist in the rational
deduction of consequences. They are on that account much the
easiest and clearest of all, and possess an object such as we
require, for in them it is scarce humanly possible for anyone to
err except by inadvertence. And yet we should not be surprised
to find that plenty of people of their own accord prefer to apply
their intelligence to other studies, or to Philosophy. The reason
for this is that every person permits himself the liberty of making
guesses in the matter of an obscure subject with more confidence
than in one which is clear, and that it is much easier to have
some vague notion about any subject, no matter what, than to
arrive at the real truth about a single question however simple
that may be.

René Descartes
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Preface

This work is used as the lecture notes for the courses Analysis 1 & Analysis 2
which are currently held at the University of Twente in the first semester! of
the Applied Mathematics Bachelor program. The course builds on a series
of four lectures in Foundations of Mathematics which take place in the very
first week Prof. Frederic Schuller. We will also refer to both the notation
and concepts in these lectures.

Clearly, there are many excellent and more extensive references for a
first course in Analysis. It should be emphasized that this reader does
not follow the “Calculus—Real Analysis”-approach as common in Anglo-
Saxon countries as well as for engineering study fields worldwide; that
approach usually means that a non-rigorous calculus course precedes a
rigorous (real) analysis course. Instead, these notes follow the strictly
logical, but nonetheless accessible, build-up of the subject, common in the
curriculum of traditional mathematics education in central Europe. The
message is that Calculus is indeed part of (Mathematical) Analysis and
should not—at least for mathematics students—be separated from each
other or even put in reversed order. To name a few manifestations of this
choice, we neither assume informal understanding of the real numbers—yet,
we define them axiomatically—nor knowledge of “elementary” functions such
as the exponential functions or sine and cosine (we meet them in Chapter 4).
The goal is to have a self-contained presentation with as little as (time-
wise) necessary “jumps” so that upon digesting the material, scholars can
confidently “lean their back against a solid and 100%-trustworthy wall” of
mathematical theory, ready to make the next steps.

With these comments in mind, the style of this manuscript rather follows
the one in German mathematics literature, and in particular the excellent
book by KALTENBACK [5] or other standard textbooks (unfortunately only)
written in German [2, 3, 7, 8], and the all-time classic, RUDIN’s Principles
of Mathematical Analysis [9]. We also refer to TAO’s An epsilon of room I
[10] and his other books [11, 12]. The first half of the notes has a vaguely
similar setup (not necessarily content) as ZORICH [13], whereas the second
part differs more significantly in that regard.

Lwhich combined refers to about 32 lectures (90mins) held in 16 weeks.
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These notes are still subject to regular updates and extensions. They
were designed and used during the past two editions of the course and are
still subject to regular changes. They may (actually will) still contain a
good portion of typos and smaller inconsistencies. We are therefore very
grateful for being made aware of typos, mistakes or stylistic shortcomings.
Also note that they may slightly differ from what we discussed in class; they
may contain more detailed arguments on the on-hand and also may (yet)
not contain arguments (or proofs) provided in class or the tutorial sessions.

Thus, the notes alone cannot replace attending the lectures and are
also not meant to do so.

The first edition of this manuscript was written during the winter term
in the academic year 2024-2025. This would not have been possible with the
great help of the rest of the Analysis—Team: Carlos Pérez Arancibia and
Karsten Kruse — for their extraordinary dedication invested in designing
and correcting homework exercises, guiding students during the tutorials and
contributing far beyond this to improve the course where possible. We also
very much appreciate the active participation of our students, in lectures
and tutorials. We can only say: Classical blackboard-lectures and engaging
tutorials with presenting solutions on the board are more alive than ever
before.

To José Iglesias we owe the presentation of Chapter 7, which originiates
from joint lecture notes for Analysis 8 at the University of Twente.

The drive to organize such a course did foster in numerous discussions,
which FS had with our esteemed colleague Frederic Schuller, with whom we
share a crystal clear view on how mathematics should be taught.

Finally, it is very questionable if any of the following lines would have ever
been written without our great teacher(s), who guided us on our endeavour
to master Analysis when we were students.

Enschede, August 2026 Felix Schwenninger & Nathanael Skrepek
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Chapter 1

The real numbers

This chapter takes the FOUNDATIONS OF MATHEMATICS lectures as point of
departure, but also follows (parts of) the approach in Zorich [13, Chapter 2].
In particular Zorich’s sections 2.1 and 2.2.1-2.2.3 as well as 2.3 and 2.4.

1.1 Ordered field and the definition of R

Definition 1.1. Let M be a set, A relation R on M (i.e., RC M x M) is
called a partial ordering on M, if R is

(i) reflexive, i.e., Vx € M : x R x,
(ii) anti-symmetric, i.e., Ve € M : (t RyAy Rz) = xz =1y,
(iii) transitive, i.e., Vo,y,z€ M : (t RyAyRz) = z R z.
If additionally it holds that
(iv) Ve,ye M : (t RyVy Rz),
then (M, R) is called linearly ordered. <

Definition 1.2. A field (M, 8, ) is called ordered (or ordered field) if there
exists a partial ordering R on M such that (M, R) is linearly ordered and

(i) Vz,y,ze M : 2 Ry = (zHB2) R (yHB=2),
(ii) Ve,ye M : (0 Rz A0y Ry) = 04 R (xHy).
We also write (M,H, [, R) is an ordered field. <

Example 1.3 (The natural order of Q). Let us consider the field of rational
numbers (Q, B, [J) as constructed in the FOUNDATIONS OF MATHEMATICS.
Recall that Q = (Z x Z*)/~, that is, the quotient set of Z x Z*, where Z
denotes the integers and Z* = Z \ {0z} and

(p,q) = (p,q) = pOa=p0Oq, (p,q) € (ZxZ")

1



2 1. The real numbers

and where (Z,®,®) is the ring of the integers. Let (p,q) € (Z x Z*) and
consider the equivalence classes [(p,q)] and [p,q] in Q. Without loss of
generality, we will in the following always assume that ¢, ¢ € N* (note that
(—p, —q) =~ (p,q) and (—p, —q) =~ (p,q))*. We define the relation < in Q by

(] <1(B,9)] = IneN:pog=S"(poq),

where S: Z — Z is the “successor” mapping, see also FO1d (Finger Practice
Exercise 01d from the Linear structures lecture)?. Note that this definition
formalizes the idea of defining the ordering on Z (or N), which we could have
done separately. It is a routine, but not completely trivial task to show that
< indeed is well-defined (!) and satisfies the properties of a partial ordering.
The fact (Q,H, [, <) defines an ordered field is also left as exercise. <>

Definition 1.4 (The real numbers). The real numbers R are an ordered
field (R, +, -, <) which satisfies the

Completeness Axiom. For any non-empty subsets X and Y of R,
with < y for all x € X and y € Y, there exists ¢ € R such that
r<c<yforallz € XandyeY. <>

Remark 1.5.

(i) We point out that—in a similar philosophy as in the FOUNDATIONS
OF MATHEMATICS lectures for N, Z and Q—we could have constructed
the real numbers on a purely set-theoretic level. Yet, this procedure is
a bit more technical than the cases that have already been addressed,
which is why we deliberately choose to follow the axiomatic definition
presented here. Nevertheless, at some point in time, we will comment
on a specific construction to show the existence of an ordered field
which satisfies the completeness axiom — this is called the consistency
of this definition. On the other hand, one should comment on the
uniqueness of such an ordered field. This is also postponed to some
exercises. We also refer to the corresponding comments in Zorich, page
39-40.

(ii) Although the points raised in (i) may sound unsatisfactory, we em-
phasize that the axiomatic definition of R means that its definining
properties (the ordered field and the completeness axiom) are the “only
rules” we are at this stage allowed to work with when we deal with
real numbers. <

Lthis is actually abuse of notation; more precisely, this should read q,§ € int(N)
2there we only defined it as mapping from N to N, but the definition can be “extended”
to Z in a straight-forward way.
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See also Section 2.1.1 in [13], where the presentation is more elaborate
as the notions of “field” and “ordering” are not explicitly used, but their
defining properties are spelled out explicitly instead.

1.2 Direct consequences

Let us collect the following rather direct consequences from the defining
properties of R, Definition 1.4. Most of the proofs are left to exercises and
self-preparation.

Fact 1.6 (R as a field). The following facts follow from the fact that R is a
field.

(i) 3! neutral element 0 = 04 with respect to (w.r.t.) “+7, called (the)
zero (element) in R; and
3! neutral element 1 = 1. w.r.t. “”, called (the) one (element) in R.

(ii)) Ve e RAly e R : x+y=04. We write —xz =y and call it “additive
inverse of ©”, and
Ve e R\{0,}3yeR : z-y=1. We writex™! = % = yand call it
“multiplicative inverse of x”.

(iii) Va,b € R3lz € R : a+x = b; this x is given by x = b+ (—a) = b—a;
Va € R\ {04} Vb € R 3z € R : a-a = b; this x is given by
z=b-a =21

(iv) Ve eR : 2-04 =04 -2 =04.

(V) Ve,yeR: (z-y=0) = (z=0)V(y=0).
(vi)VeeR : —z = (=1)-z, (-1)-(—2) =z and (—2)- (—2) = 2 -z = 2.
Since < is assumed to be a partial ordering on R, it is reflexive. We will

use the following (“common”) notation to exclude the equality case for x < y:
We define, for z,y € R,

<y <= (z<yAz#y)

If x < y we say that “x is strictly less than y” and we use the short-hand
notation x > y (read “x strictly greater than y”) for y < z. Similarly, we say
“r is less (or) equal to y” if x < y and “z is greater (or) equal to y” if y < x.
Fact 1.7 (ordering on the field R). For all z,y,z,w € R we have that
(i) exactly one of the following three cases holds: (x < y)V (y < z)V (x =
Y)-
(i) (z<yny<z) = (x<2), and (z<yAy<z) = (z<2)

(iii) (z<y) = z+z2<y+=z
O<zx = —x<0,



4 1. The real numbers

(2<PYAW<2) — (@+w<y+e)
<y Aw<z) = (z+w<y+2)
(iv) 0<2)AN(0<y) = (0<zy) and (0 >2)A(0>y) = (0 < zy)
O0<2)AN(0>y) = (0> ay)
(x<yN0<z) = (xz<yz)and (z <y)AN(z <0) = (zz>yz)

(Vi) 0<z = O0<azland(0<z<y) = O<y <zl
See also [13, Section 2.1.2d-e].

1.3 The completeness-axiom and consequences I

See also Zorich [13] Section 2.1.3.

Definition 1.8 (bounded (above/below) sets, (upper/lower) bound, maxi-
mal/minimal elements). Let M be a subset of R. Then we say that

e M is bounded (from) above, if 3¢ € RVx € M : x < ¢; any such c is
called an upper bound of M;

M is bounded (from) below, if 3¢ € R¥x € M : ¢ < z; any such ¢ is
called a lower bound of M,

M is bounded, if M is bounded above and bounded below;

e ¢ € R is called mazimal in M or mazimal element of M, if ¢ is an
upper bound of M and ¢ € M,

e c € R is called minimal in M or minimal element of M, if c is a lower
bound of M and ¢ € M. e

We point out that a subset of R need neither be bounded (above/below)
and neither does a bounded (above/below) set need to have a maximal/
minimal element. The latter leads us to the following definition.

Definition 1.9 (Supremum and Infimum). Let M be a non-empty subset of
R. If M is bounded above, then the smallest upper bound of M is called the
supremum of M and denoted by sup M. If M is bounded below, then the
greatest lower bound of M is called infimum of M and denoted by inf M. <>

Yet, it is not clear why the supremum and the infimum should exist
for a bounded above/below set M. This is however a consequence of
the completeness-axiom, as we will see soon (in Theorem 1.11).

If a subset of R is not bounded above, it is a common convention to
denote its supremum with the symbol +00, and similarly the infimum by —oco
in case a set is not bounded below. Furthermore, we may define sup ) := —oo
and inf () := +o00. In fact, we could give this a formal meaning by defining
and ordering on the “extended real numbers” R U {—oco} U {+0o0}.
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Fact 1.10. We want to take a closer look at the notion of supremum and
mfimum.
e The definitions of the supremum and infimum can be expressed using
quantifiers:

s=supM = VzeM: (z<s)A(Ve<sIr'€M:c<a)
i=infM = VeeM: (i<z)A(Ve>ida' e M:2' <c)

or in other words,

sup M = min{c € R | ¢ is upper bound of M},
inf M = max{c € R | ¢ is lower bound of M},

if they exist.

e If a set has a mazimal (minimal) element, then it is unique and equals
the supremum (infimum).
Pf.: If ¢,¢ € R are mazimal (minimal) elements of a set M, then, since
¢, €M, c<¢and ¢ <c, which (by anti-symmetry of <) implies that
the must be equal. By definition, the maximal (minimal) element ¢ is
an upper (lower) bound of M. Since ¢ € M, any x < ¢ cannot be an
upper bound of M, thus ¢ = sup M.

Theorem 1.11 (The supremum-“axiom”). Every non-empty bounded above
subset of R has a unique supremum. FEvery non-empty bounded below subset
of R has a unique infimum.

Proof. The uniqueness follows from the facts stated above the theorem. Let
X be a non-empty set which is bounded above and consider the set Y of all
upper bounds of X, that is,

Y={yeR|VzeX :z<y}

Since X is bounded above, Y is non-empty. By definition of Y, for all x € X
and y € Y, we have that z < y. Thus, by the completeness-axiom, there
exists ¢ € R such that

Vee XVyeY :x<c<y.

By the first inequality, c is an upper bound of X, and, by the second inequality,
any other upper bound is larger or equal to ¢. Thus sup M = c¢. The proof
for the existence of the infimum follows with the usual modifications. O

Remark 1.12. It can be shown that the statement in Theorem 1.11 also
implies the completeness axiom, which is why we could have chosen either
of the axioms. <>

Example 1.13. The set {x € R | 0 < z < 1} has minimum 0 and supremum
1, which is not a maximum. <>
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Example 1.14 (The existence of a positive square root). We will show that
YVyeR:y>0 = (FzeR : z-z=yAz>0).

We can show (by (a + b)? — 4ab = (a — b)? > 0) that

1,5, 2
N — > 1.1
(- @ -n) =y (L1)
for x # 0 and y € R, see Exercise 1.8. For given y > 0 we define M = {z €
[0, +00) | 22 <y} and choose = = sup M.

Note that for y < 1 we have that y? < y and therefore y € M on the
other hand for y > 1 we have 1 € M, i.e., in any case M # () and the
supremum x of M is strictly larger than 0.

Let us assume z2 > g, then by (1.1) & = 2 — 5~ (2% —y) < z and 2% > .

H 2x
ence,
22 < y < 22 Vze M,

which gives z < & (otherwise a contradiction arises). Thus, z < & < x which
contradicts that x was the supremum, which shows that our assumption
cannot hold and =z € M.

However, 22 < y can also not hold, because then (z + €)? < y for a
sufficiently small € > 0.2 Hence, 22 = . <+

Theorem 1.15 (existence of n-th root). For every natural number n > 1 and
real number y > 0, there exists a unique x > 0 such that ™ =x-...-x =y.
—

n-times

1.4 The integers and the rationals in R

In the FOUNDATIONS OF MATHEMATICS lectures, we have already encoun-
tered the natural numbers, the integers and the rational numbers. We will
now discuss how they naturally embed in R. Recall that the natural numbers
Np where defined based on the infinity axiom of ZFC, while the integers Z
where introduced as a subset (more precisely, a quotient space) of Ny x N*.
The rational numbers Q, in turn, where defined as quotient space of Z x Z*.
Using the canonical embeddings int: Ng — Z, rat: Z — Q, we have

rat(int(Ng)) C rat(Z) C Q,

which we will usually write in the common short-hand notation N C Z C Q.

2
3For example € < min(%7 1).
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We will now explain how these sets can be naturally identified with
subsets in R. We define

Sm—n=l(1g),  m >n,?
[ Z—R, [(mn)] < —=S""""11g), m<n,
Og, m=n,
and
9: Q =R, [(m,n),(g,r)] — f([m,n])- f([g,r])~" (1.2)

Lemma 1.16. The function g: Q — R (defined in (1.2)) is well-defined,
injective and satisfies the properties

Yo,y € Q 1 glzBy) = g(x) +9(y) AgleBy) = g(z) - g(y)-
Proof. (Tedious) exercise. Qa

Definition 1.17. Let g: Q — R be defined by (1.2). The set
e g(N*) is called the natural numbers in R and we use the notation N*;
e ¢(Z) is called the integers in R and we use the notation Z;

e ¢(Q) is called the rational numbers in R and we use the notation Q.

Furthermore, we call g(N) the natural numbers with zero and denote them
by Ny and use the (short-hand) notation Z* = Z\ {0},Q* =Q\ {0}. <

Definition 1.18 (inductive set). A subset X of R is called inductive, if for
every x € X it holds that z + 1 € X. <+

Lemma 1.19. N* is the smallest inductive set in R containing the element
1, that is, N*(= g(N*)) is the intersection of all inductive subsets of R
containing the element 1 = 1p.

Proof. For the moment we still distinguish the notation “N*” (as defined
in the FOUNDATIONS OF MATHEMATICS) and ¢g(N*) (we will shortly identify
those). By definition in the Foundations of Mathematics (see the Axiom of
Infinity), the natural numbers are the smallest non-empty set which for each
element in it also contain its “successor” (z € N* — {z} € N*).

Let M be an inductive set in R containing 1. It follows from the definition
of g and its properties that S := {x € N* | g(x) € M }U{0} is a set containing
the emptyset (the “0”) as well as every successor of an element in the set.
Since N* is the smallest such set by definition, it follows that S = N* and thus
g(N*) C M. This shows that g(N*) is the smallest inductive set containing
1g. Q

Remark 1.20. Some clarifications about our notation are in order.

(i) Since g is injective, there is no ambiguity in using the notation No, N* Z
and Q.

4Note that here n > m is a short-hand notation for 3p € N* : n = m + p.
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(ii) We point out that in this course, the “natural numbers” will usually
refer to the positive integers, thus excluding zero. To be consistent
with the linear structures course, we will stick to the notation N* and
use Ny to stress that 0 is included. We point out that in analysis text
books it is usual to use just N for what we denote by N*.

(iii) Instead of referring to the construction of N,Z and Q from the Foun-
DATIONS OF MATHEMATICS course, we could have also defined N*, Z
and Q directly as subsets of our, axiomatically defined, real numbers
(see Zorich Section 2.2). Yet, the intuition of both approaches is the
same: roughly speaking, we define N* to be the set

{1,1+1,1+1+1,...},

7Z to be the union of N and the set of all additive inverses of N and Q
to be all elements of R of the form p- ¢! where p is in Z and ¢ is in
Z*. &

Convention. From now on we identify the natural numbers/integers/
rational numbers as constructed in the FOUNDATIONS OF MATHEMAT-
10s with g(Ng) = Ny, g(N*) = N*, ¢(Z) and ¢(Q) and write Ny, N*, Z
and Q from now onwards. Furthermore, we will make use of the
common notation 2=1+4+1,3=1+4+1+1,....

Corollary 1.21 (Principle of mathematical induction). Any subset of N*
which contains 1 and is inductive equals N*.

Example 1.22. We use mathematical induction to show that the sum of
the first n natural numbers equals n - (n+1)-271 ie.,

1424 +n=n-(n+1)-271

More precisely, we show that the function defined by s(1) := 1 and s(n) :=
n+ s(n —1) for all n € N* with n > 1, equals the function §: N* — R, n —
n-(n+1)-271

To do so we show that the set M = {n € N* | s(n) = 5(n)} contains 1
(induction assumption) and is inductive (induction step). By definition of s
and § we see (1) =1 = s(1). To see that M is inductive, let n € M and
consider n + 1. Thus, we assume s(n) = §(n) and we want to show that
s(n+1) equals §(n+ 1). By definition of s, s(n+1) =n+1+ s(n), and the
latter equals n+1+mn-(n+1)-27! since n € M. Using distributivity, we
get

s(n+1l)=n+1+n-(n+1)-27'=(n+1)-(1+n-27")=(n+1)-(2+n)-27"
=5(n+1).

Thus, M is inductive and by Corollary 1.21 coincides with N*, which implies
s(n) = §(n) for all n € N*. <>
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Definition 1.23. Any real number x € R which is not rational, i.e., x ¢ Q,
is called irrational. <

Proposition 1.24. There exists an irrational number in R. More precisely,
the square root of 2 =1+ 1 is not rational.

Proof. By Example 1.14 (and more generally Theorem 1.15), we now that
a unique x € R exists with 2 > 0 and 22 = 2. It remains to show that
x ¢ Q. Suppose that € Q. Then there exists p € N and ¢ € N* such that
z=p-q L It follows that p? = 2 - ¢®>. We will employ the following simple
facts of natural numbers.
i) VmeN*VneNy:m#1 = m-n#1l
(i) VmeN* IreNy : (m=2r+1)V (m=2r)
(iii) Vm e N* : (Ir e N* : m =2r) < (Is € N* : m? = 25) <
(3t € N* : m? = 4t)
(the first item can be used to show the others). By the definition of Q,
we can assume that exactly one of p or ¢ is divisible by 2 (think about
what this should mean according to our setting), otherwise we get a direct
contradiction to (ii) above from p? = 2¢2. It follows that exactly one of p?
and ¢? is divisible by 4 and exactly one is not divisible by 2, by (ii) and (iii).
But this contradicts p? = 2 - ¢ a

Fact 1.25. The following facts can be shown by using Lemma 1.19 (see also
the proofs in Zorich, Section 2.2.2) or by relating to our definition of N*
through the function g.

(i) Vn,m e N* = n+m e N*
Pf: Clear from the properties of g, Lemma 1.16

(ii) YneN* :n#1 = n—1¢eN*
(iff) Vn e Ng : min{z e Ny | n<z}=n+1

)
)
(iv) VnomeNg :n<m = (n+1)<m
V) VneNgPreNy :n<z<n+1

(vi) n—1 is immediate predecessor of n for alln € N*, n #1
)

(vii) every subset of N* has a minimal element.

1.5 The Archimedian property of R

Fact 1.26. We list the following straightforward boundedness properties of
subsets of 7.
(i) Fvery bounded above, non-empty subset M of N* or Z has a mazimal

element
Pf.: Let s = sup M which exists as M is bounded above, by Theo-
rem 1.11. As s is the least upper bound, there exists n € M such that
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s —1 < n <s. Rearranging this inequality chain givesn < s <n+ 1.
By Fact 1.25 (v), we conclude that s = n.

(ii) N* is not bounded above.
Pf.: If N* was bounded above, then by the first item, there exists a
mazimal element n in N*. But this contradicts the fact that n+1 € N
andn <n+1.

(iii) Z is not bounded below.
(iv) Any non-empty, bounded below subset of N* has a minimal element.

(v) Z is neither bounded above nor below.

Proposition 1.27 (Principle of Archimedes). Let z € R and h > 0. Then
there exists a unique k € Z such that (k — 1)h < z < kh.

Proof. Consider the set M = {n € Z | < nh}, which is bounded below.
Therefore there exists a minimal element k in the set, by Fact 1.26. By the
definition of the minimal element and M, it holds that

k=minM < k—-1¢MANke M < (k—1)h <z <kh,

which settles the proof including the uniqueness of & (by the uniqueness of
the minimum). Q

Fact 1.28. The Principle of Archimedes yields the following.
(i) e>03neN : 0< L <e
Pf.: Take x =1 and h = ¢ and apply the Archimedian Principle.
(i) VzeR: (VneN* : 0<z <L) = (2=0)
(i) Va,beR : (a<b) = (FreQ:a<r<b)
Pf.: Let a,b € R such that a < b. By the first fact, In € N* : % <b—-a.
By the Archimedian principle (with h = %) there exists k € 7 such that
% <a< % All three inequalities together imply that a < % < b.
(iv) Ve e R3z€Z : z <z <z+1 (this z is also denoted by |z| and

called the integer part of x, the function |-] is called the floor-function).
1.6 The completeness-axiom and consequences I1

In the following we need the notion of a sequence of (sub)sets Ay, As, As, ...
of some set X, which is defined as function

A: N* - P(X),

where P(R) refers to the power-set of X. Anyway, we will use the short-hand
notation Al; AQ, Ag, .
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Definition 1.29. Let X be a set. A sequence A: N* — P(X) of sets is
called nested if A: N* — P(X) is decreasing with respect to the inclusion
ordering on X, that is Vn € N* : A, D A, ;1. We also use the shorthand
notation A1 D A D .... <>

We want to recall the notion of intervals from school.

Definition 1.30. For a,b € R we introduce the following sets

open interval: (a,b) =]a,b[={x € R|a < x < b},

left semi-open interval: (a,b] =]a,b) ={r €eR|a <z < b},

right semi-open interval: [a,b) =[a,b[={z eR|a <z < b},
closed interval: [a,b] ={x €eR|a <z <b}.

Every of those previous sets is less specifically just called interval or in
contrast to the next type of interval bounded interval. The numbers a and b
are called the boundary points of the interval. Additionally, we introduce
unbounded intervals

closed unbounded interval: [a,00) ={z e R |z > a},
closed unbounded interval: (—o0,a] ={zeR|x <a},
open unbounded interval: (a,00) ={z €eR| x> a},
open unbounded interval: (—o0,a) ={z eR |z <a}

Also closed and open unbounded intervals are less specifically just called
intervals.

Note that bounded intervals can be empty, e.g., if b < a. Hence, if an
interval is empty, then we call it an empty interval. Moreover, we say [a, ]
is a trivial interval, if a = b.

If an interval is neither an empty interval nor a trivial interval, then
we call it a nontrivial interval.

For every bounded interval I with boundary points a and b, we define
the length of I by
|7| = max{b— a,0}. <>
Remark 1.31. Let us remark immediate consequences of the previous
definition.
(i) Note that if b < a, then all of (a,b), (a,b], [a,b), [a,b] are empty.
Therefore, an empty interval qualifies as open, closed and semi-open.
(ii) Every trivial interval contains exactly one number.

(iii) Every nontrivial interval contains infinitely many numbers. On the
other hand every interval that contains more than one point is non-
trivial. &
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Theorem 1.32 (Nested intervals principle). For any nested sequence of
nonempty closed intervals I D Iy O ... (in R) there exists ¢ € R which lies
in all Iy, for k € N*—in other words, ¢ € (\,cy- Ik

If, in addition, for every e > 0 there exists k € N* such that |I}| < ¢,
then c is unique.

Proof. Let I, = [a, by, k € N* and consider the sets A = {ap € R | k €
N*} and B = {b;, € R | k € N*}, which are obviously non-empty. Since we
assumed that the intervals are nested, it follows

Va e AVbe B : a <b.

Thus, by the completeness axiom, there exists ¢ € R such that for all
a € A,b € B we have that a < ¢ < b, which implies that ¢ € I, for all
k € N*,

Under the additional assumption, suppose that ¢; and ¢y are different
elements in the intersection of all Iy’s. Let € = |¢; — ¢a| > 0. Then there
exists k € N* such that |I| < /2, which implies that Ij cannot contain
both ¢; and ¢g (if it would, then |I;| = max I — minl; > |1 — c2| = &,
(why?)). Contradiction. a

1.7 Countable and uncountable sets

Definition 1.33 (finite, countable and uncountable set). Let M be a set.
We say that

e M is finite, if there exists a bounded above subset N of N* and a
bijection f: N — M.

e M is countable, if there exists a bijection f: N* — M.

e M is at most countable, if M is either finite or countable.

e M is infinite, if M is not finite.

e Let M be infinite. M is uncountable if M is not countable. g

Clearly, M = N* is countable, as f can be chosen to be the identity
mapping. We can also construct a bijection f: N* — Z, showing that Z is
countable. Furthermore, Q turns out to be countable (think about why).
Proposition 1.34. The following two assertions hold.

(i) Ewvery infinite subset of a countable set is countable.

(ii) Finite or countable unions of sets which are at most countable, are at
most countable.
That means: Let X be a set of sets. Then

(X is at most countable N (VM € X : M is at most countable))

= UX is at most countable.
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Proof. See Exercise 1.26. 4
Theorem 1.35. The real numbers are uncountable.

Proof. We show that the interval [0,1] is uncountable by using the nested
interval principle Theorem 1.32. d

1.8 Exercises

Exercise 1.1. Let H be the set of all humans. We define the relation R on
H by
xRy <= «xisacousinofy V x=y.

Question True | False

Is R reflexive?

Is R anti-symmetric?

Is R symmetric?

Is R transitive?

Is R a partial order?

OOoooOooo
OOoooOooo

Is R an equivalence relation?

<>

Exercise 1.2. Let F be the field consisting of the set {0,1,2} and the
operations (B, ) defined by:

and

(a) Show that F is indeed a field (Definition of field from the foundation
lecture).

(b) Show that the relation R C F x F defined by
R = {(0,0),(1,1),(2,2),(0,1),(0,2),(1,2)}
does not make F an ordered field.
(c¢) Show that there is no relation R such that (F, R) is an ordered field. <

Exercise 1.3. Prove the remaining items of Fact 1.6. g

Exercise 1.4. Let (F,+,-) be a field and p,q € F. Moreover, let f: F — F
be a function defined by f(z) := 2% + px + ¢ and x; € F a zero of f, i.e.,

fz1) =0.
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(a) Show that z := —p — x; is also a zero of f.
Hint: Note that f(x) = f(z) — f(z1) and (22 —2?) = (v — 21)(z + 21).

(b) Show that there is no further zero of f, i.e., f has maximal two

Z€ros. <+
Exercise 1.5. Prove the remaining items of Fact 1.7. <+
Exercise 1.6. Let 2,y > 0. Show that 22 < y? implies 2 < y. <

Exercise 1.7. Let z,y € R such that z,y > 0 and 2? < y. We define
e:==min((2z + 1) (y — 2?),1).

Show that
(x + 5)2 <y.

Use this to conclude that the supremum x of the set {z € R | 22 < y} does
not satisfy 22 < y. <+

Exercise 1.8. Let x and y be strictly positive real numbers such that 22 > .
Prove (by using the axioms and the facts seen in the lecture) that

(x —(22)7" (2® - y))2 > .

Use this to conclude that the supremum x of the set {z € R | 22 < y} does
not satisfy 2 > . <

Exercise 1.9. Let A and B be two bounded subsets of R. Prove that
sup(A U B) = max(sup A4, sup B).
Is there any corresponding result for AN B? <
Exercise 1.10. Consider the function |-|: R — R defined by
o] = {x, %f x>0,
—z, ifx<0.
This function is called absolute value. Prove that for {a,b} C R:
(a) fa-bl = la] - |8,
(b) |a+0[ < la| + 0],
(¢) la— bl > [la| — [b]|. <

Exercise 1.11. Let S and T be nonempty subsets of R with the following
property: s <tforallse SandteT.
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a) Show that S is bounded above and T is bounded below.

(
(b) Prove sup S < infT.

Give an example of such sets S and T where S N T is nonempty.’

(c

(d) Give an example of sets S and T where sup S = inf T and SN T is the
empty set.” &

)
)
)
)

Exercise 1.12. Prove that if {a,b} C R and
a<b+te

for all € > 0, then a < b. <

Exercise 1.13. Let (F,+,-) be a field such that 2 := 1+ 1 # 0 and
4 =14+1+1+1=2-2%# 0. Moreover, let p,g € F and f: F — F,
x +— 22 4 pr + q. Show that f has a zero if and only if there exists a y € F
such that y? = p?/4 — q. Show that in that case the zeros are given by

—p/2+y and —p/2 — y.
Hint: Completing the square. <+

Exercise 1.14. Let A + B be the set of numbers of the form a + b and
A - B the set of numbers of the form a - b, wherea €¢ ACR and be B CR.
Determine whether it is always true that

(a) sup(A+ B) =sup A + sup B,
(b) sup(A- B) =sup A -sup B. <

Exercise 1.15. Let —A be the set of numbers of the form —a, where
a € A CR. Show that sup(—A) = —inf A. <>

Exercise 1.16. Prove each of the following statements:
(a) VmeN*VneNy :m#1l=m -n#1
(b) Vm e N*Ire Ny : (m=2r+1)V (m=2r)

() Vme N* : (Ir e N* : m =2r) < (Is € N* : m? = 2s)
< (3t e N* : m? = 4t) <

Exercise 1.17. Prove that for all ¢ € R and each n € N* there exists a
rational r,, such that |a — r,| < 1/n. <4

Exercise 1.18. Show that the following statements are true:

(a) Either n € Ny is divisible by 2 or n + 1 is divisible by 2.

5You have to prove that S and T have these properties; just giving S and T is not
enough.
6see Footnote 5
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2" > n3 whenever n € N* and n > 10.

n +1)(2n+1
- k2 — n(n )6( n+1) &

Exercise 1.19. Suppose that A and B are sets and that B is uncountable. If
there exists a function f which takes A onto B (i.e., f: A — B is surjective),
prove that A is uncountable. <

Exercise 1.20. Let a and b be non-negative rational numbers such that
va + /b is rational. Show that \/a and v/b are both rational. <>

Exercise 1.21. Let a € Rand M = {r € Q | r < a} as a subset of R.
Show that sup M = a. <>

Exercise 1.22. Show by mathematical induction that for all n € N*

Exercise 1.23. Let a € N*. Prove that:
(a) For all n € N*, the number (a + 1)™ — 1 is divisible by a.
(b) For all even n € N*, the number (a — 1)" — 1 is divisible by a. <>
Exercise 1.24. Let F be a finite field. Show that:
(a) IneN*: 370 1=0.
Hint: Assume that there is no such n and show that then 2?21 1 has
to be different for all n € N*.

(b) There is no relation R on F such that (F, R) is an ordered field. <

Exercise 1.25. Show that there is no relation R on C that makes (C, R)
an ordered field. <>

Exercise 1.26. Prove that:
(a) Every infinite subset of a countable set is countable.

(b) Finite or countable unions of sets which are at most countable, are at
most countable.

That means: Let X be a set of sets. Then

(X is at most countable A (VM € X : M is at most countable))
= UX is at most countable <



1.8. Exercises 17

Exercise 1.27. For n € N*| let n! (read “n factorial”) denote the product
1-2-3---nand let 0! := 1, i.e,, n! :=n-(n—1)! for n > 0 and 0! := 1.
Furthermore, we define

n n!
<k‘) 713'(717—]9)' for k=0,1,...,n.

The binomial theorem asserts that for all a,b € R it holds that
" /n
(a+b)" = ; <k> a"Fok,

(a) Verify the binomial theorem for n = 1,2, and 3.

n n n+1
(b) Show (k>+<k1) —< k )fork:—l,Z,...,n.

(¢) Prove the binomial theorem using mathematical induction and item (b).

(d) Use the binomial theorem to prove that (a + )" > a™ + b™ for all
n € N* and a,b > 0.

(e) Use the binomial theorem to prove that (1 +1/n)" > 2 for all n €
N*. &

Exercise 1.28. Show that if R and R’ are two models of the set of real
numbers and f: R — R’ is a mapping such that f(z +y) = f(z) + f(y) and
flx-y) = f(x) - f(y) for any z,y € R, then

(a) f(0)=0".
(b) f(1) =1"if f(z) # 0/, which we shall henceforth assume.
(c) f

(m) = m' where m € Z and m’ € Z' are either
(s) and siri(1) or (=sEl1) and -SE).

The mappings Sg and Sk are the successor functions in the respective
sets R and R/, i.e., forn € N;n >1and z € R

Sg = Sgr o Sﬁ_l and Si(z) = Sp(r) =z +1,
and accordingly for R’.
(d) The mapping f: Z — Z’ is injective and preserves the order.

(e) f(%) = ™ where m,n € Z,n#0,m' n €Z,n £0,f(m) =m/,

n

f(n)=n'. Thus f: Q — Q' is a bijection that preserves order.

(f) f: R — R’ is a bijective mapping that preserves order. <>



18

1. The real numbers



Chapter 2

Sequences and limits

Definition 2.1. Let X be a set. A function z: N* — X is called sequence
in X. We often use the alternative notation (x,),en+ or short-hand (x,,).!
The set of sequences in X is denoted by XN . If X = R, we will also say
that x = (2, )nen+ is a sequence of real numbers. <>

One may also understand vectors as “sequences of finite length”, but we
won’t use this analogy here. In this chapter we will mostly study sequences
of real numbers?, but, for convenience of later chapters (and in particular
Analysis 2), we start with more general sequences which includes sequences
in R as special case. For the moment, it is fine to always have this special
case in mind. For the more general framework we need the notion of a
distance function, which formalizes the well-known properties of the function
(z,y) — |z — y| for reals z,y.

Definition 2.2. Let X be a set. A function d: X x X — [0,00) is called a
distance function or metric on X, if
(i) Ve,y € X : d(z,y) =0 <= z =1y,
(ii) Vz,y € X : d(z,y) = d(y, z),
(iii) Vo,y,2,€ X : d(z,2) < d(z,y) + d(y, 2),

and the pair (X, d) is called a metric space®. For every metric space (X, d)
and z € X we define the ball around z with radius r > 0 by

By(x) ={ye X |d(z,y) <r}. >

Example 2.3. We provide a few folklore examples for metric spaces.

!Please note that in [13] the notation “{zy}” is used. We refrain from using that on
as we want to point out that a sequence is a function(!) and not a set.

2Note that Zorich [13] uses the notion of numerical sequence.

3Note that the word space has no further meaning! (e.g., X need not be a vector
space).

19
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(a) The most important one: X = R and d(z,y) = da(z,y) = |z — y|
defined for every x,y € R.

We refer to this metric as the standard metric or the canonical
metric on R.

(b) The simplest one: Let X # 0 and d = dy defined by

]‘7 )
do(x,y){o ii;‘j for z,y € X.

(c) One abstract one: Let (X,d) be a metric space and ¥ C X. Let
dlyxy: Y XY — [0,00), (z,y) — d(z,y) (which is called the restriction
of d to the subset Y x Y). Then (Y,dyxy) is also a metric space.

(d) The most important one (general): Let n € N* and X = R™ and

1

2

d(x,y) = da(x.y) Zm —yl?

for all x,y € R". We will postpone the proof that this ds indeed
satisfies the properties of a metric to later. <&

Again, for what follows in this chapter it is enough to only think of
Example 2.3 (a), that is, sequences in R and with respect to the “canonical
distance function” given by the absolute value, to digest the concepts. We
emphasize that if we speak of “sequences in R” without specifying further the
metric, we consider the metric from that example, by convention. Yet, we
will try to state results as general as possible. Note already a key difference
between sequences in general metric spaces (X, d) and in R: The set X may
not have any structure allowing for ‘adding elements in X', which means
that it is not clear how to defined sums of sequences in X. In contrast, since
R is a field, sequences in R can be added and multiplied in the canonical
way of multiplying functions, i.e., for 2,y € RN define 2 +y and z - y by

(z+y)(n)=z(n)+yn) and (z-y)(n)==x(n) -y(n) forall neN*
or equivalently in the index notation
(z+yY)n=xn+y, and (z-y)y =z, y, forall neN*.

Definition 2.4 (Convergent-, Cauchy- and bounded sequence). Let (X, d)
be a metric space. A sequence (Z,)nen+ is called

e convergent, if

JreXVe>0INeN"VRneN" : (n>N) = d(z,,z) <
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e a Cauchy sequence, if
Ve >0dN e N*Vm,neN*: (m,n>N) = d(xp,Tm) <¢;
e bounded, if

Jdee X IM >0Vn e N* : d(xp,c) < M. <

Remark 2.5. Note that we can alternatively write the condition for conver-
gence in terms of ¢ balls: The sequence (x,),en converges to x, if and only

if
Ve >03IN eN'VneN* : (n>N) = z, € B.(x).
This is in particular for future generalizations a helpful perspective. <

Example 2.6. Let (x,,)nen+ be defined by z,, = % for all n € N*. We claim
that (z,,) converges to 0 in the metric space (R, ds), where da(z,y) = |z —yl.
To prove this from the definition, we need, for a given € > 0 find an
N = N, € N* such that |% — 0| < ¢ for all n > Nast. This follows from
Fact 1.28 (i) by the Archmedian principle. <>

Proposition 2.7. Let (X,d) be a metric space and let (x,,) be a sequence
i X. Then the following holds.
(i) (xn) converges = (x,,) Cauchy sequence = (xz,,) bounded.
(ii) Limits are unique, i.e., x,y € X with x, "2 ¢ and z, "7y, then
x=y.
(i) z, "=z in (X,d) <= d(zn,z)"=T0inR=(R,dy).
Fact 2.8 (Facts on sequences in R = (R,ds)). Let ,, = = and y, — y in
R (with standard metric ds).
(i) (sums, products, quotients)
® Ty +Yy, > T+Y asn — oo,
© I, Yy, > T-Y asn — 00,
e ify, 0 for alln € N* and y # 0, then%%%.
(ii) Let ¢, = x and y, — y as n — co. If there exists N € N* such that
o x, <y, foralln > N, then x <vy;
e 1, <yn foralln > N, then x < y.

(iii) (Sandwich/Squeeze lemma): Let (zp)nen+ @ sequence of real numbers.
If there exists N € N* such that

Ty < zp <yp forallne N,

and r, — = and Yy, — T as n — oo, then z, — xr as n — oo.
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(iv) we point out that for all a,b € R and € > 0,
la—bl<e <= —e<a-b<e <<= b—ec<a<b+te.

This equivalence is very useful when dealing with convergence proofs.

The following result answers the question whether Cauchy sequences of
real numbers (considered in the standard metric ds) converge.

Theorem 2.9 (Cauchy criterion, Completeness of R). In the metric space
R = (R,d2) a sequence is a Cauchy sequence if and only if the sequence
converges.

Proof. [<]: By Proposition 2.7, every convergence sequence is a Cauchy
sequence.

[=]: Let (2n)nen+ be a Cauchy sequence in R with the metric dy. By
Proposition 2.7, we know already that the sequence is bounded. Therefore,
we can proceed with the following definition: Let

an = inf xp = inf{xg | kK > n},
k>n
by, = sup xy, = sup{xy | k > n},
k>n
for n € N*. Since the sequence (z,,)nen+ is bounded (as a Cauchy sequence),
(an)nen+ and (by)nen+ are bounded sequences of real numbers. By con-
struction, a, < apy1 < bpy1 < by, for all n € N*. Therefore, the intervals
I, = [an, by] are nested. By the nested interval principle, we conclude that

there exists x € ﬂneN* I,,, that is «x € I, for all n € N*. We claim that
T, — x as n — oo. By definition of a,, and b,,, we have that

an, < Tp < bna Yn € N*7
where we used the definition of inf and sup. Therefore,
|z — x| < by —an Vn € N*

and even |z — x| < b, — a, for all k > n. We finally show that for every
e > 0 there exists N € N* such that by — an < 2e. This indeed follows from
the property that (z,,), is a Cauchy sequence as for every € > 0 there exists
N e N* such that for all k > N (set m = N),

ey —e< <N +E.
This implies

ry —e< inf xp =any < by =sup xx < zy + ¢,
k>N E>N

which gives by — ay < 2e. a
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Remark 2.10. Consider the metric space (C, dz), where dz(z,y) = |z — y|
and || denotes the absolute value of a complex number. Denoting by Re(z)
and Tm(z) the real and imaginary parts of z € C, we have by the inequality

max{|Re(2)|, [Im(z)|} < |z| < \@max{|Re(z)|, Im(z)|}, =z e€C,

that a sequence of complex numbers (z,),en+ converges (is a Cauchy se-
quence) in (C,ds) if and only if both the sequences (Re(zp))nen+ and
(Im(z,))nen+ converge (are Cauchy sequences) in (R, dz). Therefore, by
Theorem 2.9, (C, dy) is complete, that is, a sequence converges if and only if
it is a Cauchy sequence. <+

Example 2.11. The metric space (Q, d2) is not complete because there exist
sequences (why?) in Q which are Cauchy sequences, but not convergent. <>

2.1 Monotonic sequences and Euler’s constant

Definition 2.12. A sequence (z,) in R is called
e decreasing/increasing, if for all n € N*| x, > xp11 or o, < Tpy.

e monotonic if the sequence is either increasing or decreasing.

strictly decreasing/increasing, if (x,,) is decreasing/increasing and the
inequalities are strict for all n.

bounded above/below, if the set {x,, | n € N*} is bounded above/below.
N

The above definition can (and will later) given more generally for functions
f: S — R where S CR.

Theorem 2.13 (monotone convergence in R). Every increasing/decreasing
sequence in R, which is bounded above/below converges to the supremum/
infimum of {z, | n € N*}.

Proof. Assume that {z,, | n € N*} is increasing and bounded above and let
s € R be the supremum. Then, by the definition of the supremum and the
increasing property for every € > 0 there exists NV € N* such that

Ty <s<xp+eE
for all n > N. Rearranging terms in the inequalities gives
0<s—xz,<e, n>N.

But this implies that xz,, — s as n — .
The case of a decreasing sequence which is bounded below follows analo-
gously or by multiplying the sequence by —1. d
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Definition 2.14. A sequence (z,)nen- in RN is said to converge to 400, if
for every ¢ > 0 there exists N € N* such that for all n > N it holds that
Zn > c. Analogously, we say that (z,)nen converges to —oo if (—Zy)nen=
converges to +o00. <>

Convention. We will always specifically indicate if we mean “conver-
gence to +oo”. In particular, if we say “(z,)nen+ converges”, we will
not mean that the sequence can converge to +oco.

Proposition 2.15 (Bernoulli inequality). Let > —1 and n € N*. Then
(14+2)" >1+na.
Proof. See Exercise 2.6. d

Example 2.16 (Euler’s number). The sequence z, = (1 + 1)", n € N*
converges as we shall see below. Indeed, by using Bernoulli’s inequality, we
can show that the sequence (y,)nen given by

1 n+1
yn:(1+) s TLEN*,
n

is decreasing, see Exercise 2.11 (a). Since the sequence is also bounded below
(e.g., by 0), Theorem 2.13 implies that y, — y as n — oo for some y € R.
We now conclude that also x,, — y since z,, = y,(1 + %)’1, n € N* and
(1+ 1)~ =1 asn— co. We call the limit Euler’s number and denote it
by e, i.e.,

1\"»

e:= lim(l—i-f). <+
n

n— oo

2.2 Subsequences, Limit superior and Limit
inferior

Definition 2.17. Let z = (z,,)nen+ be a sequence in a set X and k: N* — N*
be a strictly increasing function, that is, k(n) < k(n + 1) for all n € N*
(equivalently, we can say that k is a strictly increasing sequence in N*). Then
the function

zok= (Ik(n))neN* = (Zk, Jnen=
is called a subsequence of x. <

Example 2.18. Let us consider two simple instances of subsequences.
(a) Let z, = 1, n € N*. Then

k(n) =2n+1, and k(n) =2n, neN*,

Qnﬂrl)neN* and (25, Jnen+ =

define the subsequences (7 (n))nen+ = (

(ﬁ)neN* .
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(b) Let z,, = (—1)", n € N*. Then the subsequences (j(,))nen- defined
by R
k(n) =2n+1, and kE(n) =2n, neN"
are the constant —1 and constant 1 sequence, respectively, and therefore
converge—in contrast to the original sequence. <

Fact 2.19. Let (X,d) be a metric space.

(i) A sequence in (X,d) converges if and only if every subsequence con-
verges. In that case all limits coincide (think about why?).

(ii) A subsequence can converge although the original sequence does not
converge.

(iii) A sequence that converges to £oo does not converge.

Proposition 2.20. Every sequence of real numbers has a monotonic subse-
quence.

Proof. See Exercise 2.21 a

Theorem 2.21 (Bolzano—Weierstra). Fvery bounded sequence in R =
(R, ds) has a convergent subsequence.

Proof. By Proposition 2.20 every sequence has a monotonic subsequence.
Since, by assumption, the sequence was bounded, the subsequence is bounded
as well. Thus, by monotone convergence, Theorem 2.13, the subsequence
converges is convergent. a

For a sequence (2, )nen+ of real numbers, define the sequence (zj)ren-

by
zi = sup{x, | n >k}, keN,

where we allow for the “value” +o0o. The sequence is decreasing, that is
2 > zp41 for all k € N* (with the convention that ¢ < oo for every
¢ € RU {o0}), as the supremum in the definition of zx; is taken over a
subset of the corresponding one for z;. Therefore, by Theorem 2.13, the
sequence (zg)ren+ either

e converges (with respect to the standard metric) to a real number, or
e converges to —oo (with respect to the standard metric), or

e is constant 400, that is, zp = oo for all k¥ € N*.

This (and the analogous considerations for z; = inf{x,, | n > k}) justifies

the following definitions.

Definition 2.22 (Limit superior and limit inferior). Given a sequence
(zn)nen+ in R (with the standard metric). Let

2 = Sup &, =sup{z, | n >k} e RU{cc}, k€N~
n>k
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The limit (including the value 4+00) of (zx)ren+ is called limit superior of
the sequence (z,)nen+ and is denoted by

limsup x,, == hm 2z € RU{—00, +00}

n—oo

Analogously, we define the limit inferior of (x,,)nen+ as

liminf z,, == lim inf z, = hm inf{x, | n >k} € RU{—o0,+o0}. <
n— oo k—ocon>k
Example 2.23. Let us regard the following examples for the limit superior
and inferior.

(a) Let @, = (—1)" for n € N*. Then

Zr =supx, =1,
n>k
for all £ € N* and thus limsup,,_,., xn, = 1. Similarly, we see that
liminf, o z, = —1. Recall that (x,),en+ is not convergent. Also
note that we could change finitely many components of the sequence
without affecting the results for the limit superior and limit inferior.

(b) Let (zn)nen+ be a convergent series in R (with the standard metric)

with limit « € R. Then limsup,, ,., ®» = liminf, . z, = z, as we
shall see in Theorem 2.25 below. <>

Definition 2.24. Let (X, d) be a metric space and let (z,,),en+ be a sequence
in X. We say that z € X is a partial limit of (zp)nen+ if there exists a
subsequence (x,, Jxen+= converging to x.

If (X,d) = (R, ds), we also say that © € {—o00, +00} is a partial limit if there
exists a subsequence converging to —oo or +oo respectively. <+

Theorem 2.25. Let (z,)nen+ be a sequence in R and L € RU {—o0,00}.
Then
(i) L = imsup,,_,o, Tn if and only if L is the largest partial limit of
(Tn)nen--
(ii) L = liminf,, oo T if and only if L is the smallest partial limit of
(Tn)nen=
(iii) We have that

inf z, <liminfz, <limsupz, < sup z,.
neN* n—00 n—oo neN*

Furthermore, x, = L as n — oo if and only if limsup,,_, ., =
liminf,, yoo , = L.

Proof. We show (ii) for L € R, the rest is self-study (see also [13, pages
92-94]). Let L = liminf, o 2,,. We aim to find a subsequence of (2, ),en-
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which converges to L. By definition of the infimum and the fact that
L = limy_,o inf,>p x5, we find a strictly increasing sequence of natural
numbers, that is a function k: N* — N* such that

1
inf x, <xzpp < inf x -, l € N*.
aok@) T RO = ST + l
Since the left and the right-hand side converges to L as [ — oo, we have by
the squeeze lemma that (2j())ien~ converges to L. We have thus proved
that L is a partial limit. To show it is the smallest partial limit, suppose
that there exists a subsequence (z,,(;))ien+ converging to L < L. Therefore,

there exists ¢ > 0 (choose e = (L — L)) and N € N* such that
VI>N:L—x, >ec.

Therefore, for every k € N* there exists n > k such that =, < L —
Thus also inf,>pz, < L —¢ for all k € N*, which implies that L :
limy_, oo infp>; , < L — €, which is a contradiction.

Ol o

2.3 Series

Definition 2.26. Let (z,)nen+ be a sequence in R. The sequence (s, )nen-
defined by

n
S":Za.71=a1+a2+'“+am n € N¥,

j=1

is called a series of real numbers and short-hand denoted by Z;‘;l a; (this
is just a formal notation at this moment) and s, is called the n-th partial
sum of the series. We say that Z;‘;l a; converges if the sequence (s,)nen-
converges (to a real number)*. The limit, if exists, is also denoted by Do a
and also called infinite sum®. If the series does not converge, we say that it
diverges. The a;’s are called terms of the series. <+

More generally, we can define series on vector spaces and define their
convergence if the vector space is metric. We will however, focus on a special
case of metrics in that case; normed spaces, which are special metric spaces,
see the tutorials.

Definition 2.27 (Series in normed vector spaces). Let (X ||-]|) be a normed
vector space (over R or C). Let (z,,)nen+ be a sequence in X. The sequence
($n)nen+ defined by

n
S":Zaj¢=a1+a2+--~+an, n e N,
j=1

4As mentioned before, this excludes the case that (s,) converges to 0o
Sthus, we write Z]oi1 a; for both the formal object of a series as well as its limit.
While these are two different objects, this won’t typically lead to confusion.
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is called a series in X and short-hand denoted by Z;’il a; (this is just a
formal notation at this moment) and s, is called the n-th partial sum of the
series. We say that Z;’il a; converges if the sequence (sy)pen+ converges
to an element s € X. The limit, if exists, is also denoted by s = > °°

. a:
j=1"7
and is also called infinite sum.

A particularly important example of the above definition is the field of
complex numbers which becomes a metric space with the metric d(x,y) =
| —y|, x,y € C. Even more, (C,|-|) is a normed space.

Fact 2.28. Note that a series is just the sequence of partial sums (Sp)nen+-
Hence, we can apply the results that we have already derived for sequences.
(i) If Zjil a; converges, then the sequence (a;);en- of its terms converges
to 0. ‘
Pf.: Since aj = s; —sj_1 for j > 1, a; T28°0 since (s;) is convergent
and hence a Cauchy sequence.

(ii) Let a,a be sequences in RN such that {k € N* | a, # ai} is finite.
Then Zji1 a; converges if and only if the series Zjil aj converges.
However, the infinite sums/limits need not be the same.

Pf.: Let K = max{k € N* | ay, # ax}. Then, forn > K,

n K n K K n
SRS SR SRR O S PN RO ot
j=1 =1 =K+1 =1 =1 =1
which shows that the convergence of the partial sums (s, = Z;’:l a;)n
and (3, = >_y_, @¢)n is equivalent as well as that the limits differ by
Z]K:l(aj —a;), Fact 2.8.
(iii) A series Z]oil a; in (R,d2) converges if and only if

m
>4
j=n

Pf.: Since sy — Sp—1 = Z;"zn aj, m > n > 1, this assertion follows
since (R, dy) is complete, Theorem 2.9.

Ve > 03dN e N*Vm,n > N withm >n : <e.

(iv) Let(a;);en+ be a sequence of non-negative numbers. Then Z‘;il a; con-
verges if and only if the sequence of partial sums (s, = Z?:l a;)nen-
s bounded above.
Pf.: Since a,, > 0, it follows that sp+1 = Sp + Any1 > Sp, for every
n € N*. Thus, (8n)n is increasing and hence converges (to a real
number) if and only if the sequence is bounded, by Theorem 2.13 and
Fact 2.19.

(v) (Comparison Lemma) Let (a;);en- and (b;)jen- be real sequences
such that 0 < a; < b; for all but finitely many j € N*. If Z;; b;
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converges, then Z;’il a; converges. On the other hand, if Z]oil aj
does not converge, then Z;il bj cannot converge either.
Pf.: By (ii), we can assume that 0 < a; < b; for all j € N*. If Zj b;
converges, then, by (iv), the associated partial sums are bounded above.
Since Z;;l a; < Z?Zl b;, this implies that also the partial sums of
Zj a; are bounded above, thus convergent by (iv) again.

The second statement follows analogously.

Example 2.29. The following are standard series that will reappear fre-
quently.

(a) Let ¢ € R. By the formula (convention ¢° = 1).

n
. 1— n+1
quziq , neN*
1—gq

(see Exercise 2.29), we conclude that geometric series Y. q¢’ con-
verges if and only if |¢| < 1. In particular, (if |¢| < 1) we have

oo n+1

quzliml_q = 1 .
iz n—oo 1 —g¢q 1—¢q

j=m Jj=0 J

(b) The harmonic series 72, % does not converge, since the partial sums
are not a Cauchy sequences.

(¢) 307, -z converges by the comparison lemma and 7 < - =

(n—1)n
ﬁ — % for n > 1, whence
S PR SREPUE U S S N S S
n:2(n71)n_ 2 2 3 3 4 N-L N
1N~>oo
=1-—="="1 Ag
N

Definition 2.30. A series > 72, a; of real (or complex) numbers is called
absolutely convergent if the series

oo
> laj]
=1

converges. We also write >°72[a;| < oo in that case. &>
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Proposition 2.31. Any absolutely convergent series Z;il a; of real (or
complex) numbers converges.

Proof. Since by the triangle inequality (applied inductively),

m m
D oai <D layl,
j=n j=n

Fact 2.28 (iii) (the completeness of (R, dz) or (C,ds), see Theorem 2.9 and
the subsequent remark) implies the assertion. a

Theorem 2.32 (Root test for absolute convergence). Let > 72, a; be a real

(or complex) series. Let L :=limsup;_, . /|an|.
(i) If L < 1, then Z;‘;l a; converges absolutely.
In other words, if 3¢ € (0,1) and N € N* such that |a,| < ¢" for all
n >N, then 3272 |a;| < oo.

(ii) If L > 1, then Z;’;l a; does not converge.
More generally, if there exists a subsequence (ay, )nen+ Such that
lay, | > 1 for alln € N*, then 3772 a; does not converge.

Proof. Let L < 1. By the definition of the limit superior, there exist
€ (L,1) and N € N* such that

VYn>N: Va, <q¢ <= |a,] <q"

Therefore, the comparison lemma, Fact 2.28 (v), and Example 2.29 (a) imply
that 3277 [an| converges.

Let L > 1. Then, by Theorem 2.25, there exists a subsequence (a, )nen
such that *3/|ag, | > ¢ > 1 for all n € N*. Thus, by the comparison lemma
and Example 2.29 (a), we conclude that the series does not converge. Q1

Corollary 2.33 (Ratio test for absolute convergence). Let > 72, a; be a
real (or complex) series with all but finitely many terms non-zero.

(i) If limsup,_, la‘;ﬂl‘ <1, then 3 72, a; converges absolutely.

(i) If liminf, Ia‘gjll‘ > 1, then Z;}il a; does not converge.

Proof. This can be proved by the root test, Theorem 2.32. see also [13]. QO

2.4 Alternating sequences

While any absolutely converging sequence of real numbers converges, the
converse may not be true, as we shall see shortly. Yet, previoulsy seen
tests for convergence of sequences, mostly concerned absolute convergence.
We now study a specific types of sequences for which we may conclude
convergence even if they fail to be absolutely convergent; the Dirichet and
Leibniz tests, see below.
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Example 2.34. Consider the series

k=1

We have already seen in Example 2.29 that this series is not absolutely con-
vergent, since the harmonic series Y o % does not converge. Nevertheless,
the series converges as we will see in the following. Note that

n

2n (_1)k_ . 1 B
> ko +§_§+Z 2%71 ZQkfl

k=1 P

and every m > 0. Moreover,

- 2 <oo 1 Ex.2._29(c)1
212/5—1 Z kE—1k —;(k—l)k B

k=2

%
By monotony and boundedness, we can conclude that — 22:1 % con-

verges for n — oo. <+
Lemma 2.35 (Summation by parts). Let m € N*, m > 1. Let ay,...,an
and by, ..., by, be real numbers (or complex numbers). Then for every n € N*

with n < m,

m

m—1 J
Zakbk—amZbk— Z a]+1—aj)Zbk.
j=n k=n

Proof. It suffices to consider the case n = 1. The general case for n > 1

follows by setting a1 =---=ap—1 =by =+ =b,_1 =0.
Note that
m—1 7 m—1 7 m—1 7
ITRITED WIS SOND R 31 01
7j=1 k=1 Jj=1 k=n j=1 k=1
m J—1 m—1 7
30 3 S
j=2 k=1 j=1 k=1
m—1 7 m—1 m—1 m—1 J
ST SURTI S ST % o1t
j=2 k=1 k=1 j=2 j=1 k=1
m—1 m—1
=am, Z b —a1by — Z a;b;
k=1 Jj=2
m m
S
k=1 Jj=1

which shows the desired identity for n = 1. d
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Theorem 2.36 (Dirichlet test). Let (ax)ken+ be a strictly decreasing se-
quence in R converging to 0 and let (by)ren~ be a sequence in R such that
there exists C > 0 with

P

k=1

<C forall neN*.

Then the series Y po, axby converges.

Proof. Let n < m be in N*. By Lemma 2.35 and triangle inequality (applied
several times), we have that

where we used that |a;11—a;| = a;—a;41 and that a,, > 0 by the assumption
that (ag)ren+ is decreasing and converging to 0. Note that the sums over
the by’s can be estimated by

i
2 be| =

k=n

S

for all 5 > n > 1. Therefore, we get with (2.1) that

<2C,

< a,,2C +2C Z —ajy1) = 2C(am + an — am) = 2Cay,

j=n

Since a,, — 0 as n — oo, we find for every ¢ > 0 an N € N* such that
for all n € N* : 2Ca, < e. By Fact 2.28 (iii), this shows that the series
converges. d

Corollary 2.37 (Leibniz test). Let (ar)ren+ be a decreasing (or increasing)
sequence in R converging to 0. Then the series

> (-
k=1
converges.
Proof. Clearly, |ZZ:1( | < 1 Thus, we can apply the Dirichlet test,

Theorem 2.36, for by (=1)* and ar, = ax (and ap = —ay, if (ap)y is
increasing), k € N*. a
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2.5 Exercises

Exercise 2.1. Let (X, ||-]|) be a normed space over F € {R,C}, i.e., X is a
F-vector space and ||-|]|: X — [0, +00) satisfies:

(1) [z =0 <= = =0,
(i) flz +yll < [l + [lyl for all 2,y € X,
(iii) |laz| = |a||jz|| for all « € F and x € X.

Show that d: X x X — [0, +00) defined by

d(z,y) = [lz -yl
is a metric on X. <>

Exercise 2.2. Show that (C,|-|) is a normed space, where |-| refers to the
modulus (absolute value) in C. <

Exercise 2.3. Discuss the convergence of the following sequences of real
numbers (with the canonical metric) by the definition of convergence:

Zn)neN+, where z,, == ”T_l, for all n € N*.
Zn)nen+, where z,, == (—=1)", for all n € N*. <>

Exercise 2.4. Let (z,)nen+ be convergent sequence in R with limit a such
that x,,x > 0 for all n € N*. Show that lim, . /T, = /. <4

Exercise 2.5. Prove the following for sequences in R with the canonical
metric.

(a) lim (\/n2+1—n) = 0.

n—00
(b) lim (\/4n2 Y- Qn) - i.
(c) nhﬂn;(} (\/n2+nfn) :%. <>

Exercise 2.6. Let z € R with z > —1 and n € N*. Show that
(I1+2)">1+nz.

This is known as Bernoulli’s inequality. <
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Exercise 2.7. Let (X, d) be a metric space. Show that a sequence (x,,)nen
in X converges to x € X, if and only if the sequence (y,,)nen+ defined by
Yn = d(xp,x) converges to 0 in R. <+

Exercise 2.8. Show the convergence of the following sequence in R and
find the limit.

(a) (Vn2+n—n)

(b) (¢")nen~ for ¢ € (0,1]  (Hint: Bernoulli’s inequality Exercise 2.6). <>

neN*

Exercise 2.9. Is the function p given by p(z,y) == |:1:2 — y2| a metric on
(a) R?
(b) Ry ={zeR|z>0}7 >

Exercise 2.10. Let z1 := 2 and define 2,41 = 22 — x,, + 1, for all n € N*.
Show that the sequence (y,)nen+ defined by

L1 ... Ty N
Yp = ————, nGN,
Tn+1

converges to 1.

Hint: Compute x1, 2, 23, r4 and make a claim about the form of the fraction

Exercise 2.11. Let us regard the following sequences in R with the standard
metric.

(a) Use Bernoulli’s inequality (see Exercise 2.6) to show that the sequence

(xn)nGN’H
1 n+1
;vn::(1+> , n €N
n

is strictly decreasing, i.e., Vn € N* : z, > x,41.
(b) Show that e := lim,, (1 + %)n exists. <>
Exercise 2.12. Let X be a set and let dy: X x X — {0,1} be given by

17 z )
dO (LU, y) = { 7/: Y
0, z=uy.
(a) Show that (X, dp) indeed defines a metric space.

(b) Characterize all convergent sequences in (X, dp).

(c) Characterize all Cauchy sequences in (X, dp). >



2.5. Exercises 35

Exercise 2.13. Let d be a metric on R? and let dp: R2 x R?2 — R be defined
as follows (we use the notation x = (z1,72),y = (y1,y2) for =,y € R?)

d(z,y), ifIAER : Az =y or x=M\y,

d , =
i {d(x, 0) +d(0,y), otherwise.

Show that (R?,dp) is a metric space. <

Exercise 2.14. Let X be a set. Show that, if p is a metric on X, then so is
o: X x X — R given by

_ plzy)
7lny) =1y plz,y)”

Moreover, show that a sequence (x,)nen+ converges to z in (X, p) if and
only if it converges to z in (X, 0). <

Exercise 2.15. Let h € R. Determine for what h the sequence (n!h™), cn-
converges to a real number, to infinity or does not converges at all. <

Exercise 2.16. Prove from the definition that each of the following sequences
converges to +o00 or to —oo.

(2) (n2 = n)pen-
(b) (n— 3n2)en-
(c) (BH),en- &

Exercise 2.17. Show that:

(a) lim ﬁzOforq>1.

n—oo q"
(b) lim nw = 1.

1/n

(¢) lim a/™" =1 for a > 0. <

n— 00

Exercise 2.18. Show that the metric space (Q, d), where d(z,y) = |z — y|,
is not complete. Casually, we do not specify the metric and just say Q is
not complete (incomplete). <

Exercise 2.19. Find the limit inferior and the limit superior of each of the
following sequences.

(a) (zn)nen+ where x,, =3 — (=1)"
(b) (zn)nen+ where x,, = (—1)n+1 +(=1)"/n

(¢) (#n)nen+ where z, =1+ n?/(2n —5)
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(d) x5, = yn/n, where {y,} is any bounded sequence
(e) (n)nen+ where 2, :==n (1 + (=1)") +n~ L ((—=1)" — 1)
(f) (zn)nen+ where z,, := (n* +n? —n+1) / (n? +2n+5) <>

Exercise 2.20. Consider the sequence (z,),en+ defined as

Tp = /24 2n_1, neN*,  where z¢:= V2.

(a) Use mathematical induction to prove that (z,)nen~ is increasing.
(b) Prove that (z,)nen+ converges.
(¢) Find lim,, o . <

Exercise 2.21. Show that every sequence in R has a monotonic subse-

quence®.

Hint: Discuss the cases when the set {xy | xp, > x, Yn > k} is finite/infinite
<}

Exercise 2.22. Let a > 0 and (2, )pen+ defined by x,41 = %(xn + xi) for
n € N* and 21 == 1(a+1).

(a) Show that (zy)nen~ is bounded from below.
(b) Show that (x,)nen+ is decreasing.
(¢) Conclude that lim,,_, x, exists and find its value. <

Exercise 2.23. Let R be equipped with the standard metric. Prove or
disprove:

(a) (n)nen+ is Cauchy and (yn)nen is bounded. = (2, yn)nen is
Cauchy.

(b) (zn)nen+ has a convergent subsequence. =—> (p)nen+ is bounded.

<>

Exercise 2.24. Let a € R and (2,,),,cy- be a convergent sequence in R such
that lim,, ., x, > a. Prove there exists N € N* such that n > N implies
Ty > Q. <4

Exercise 2.25. Let (M, d) be a metric space and (z,,),en+ a sequence in
M. Show that:

(a) (@n)nen+ is Cauchy. = (2, )nen+ is bounded.

(b) (zn)nen+ is Cauchy and has a convergent subsequence. = (zp,)nen-
is convergent. <

Sthat is, a subsequence that is either increasing or decreasing
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Exercise 2.26. Let a > 0. Show that the sequence (z,,),en+ defined by
Tpy1 = %(mn + zi) for n € N* and z; := b > 0, converges to 1/a.

Hint: Note that this is basically Ezercise 2.22. Hence, you have discuss the
influence of the initial value x1. <+

Exercise 2.27. Let (zn),,cn-
for all n € N*. Prove that (z,)

be a sequence such that |x,11 —z,| < 27"
nen+ 1S a convergent sequence.

Does this also work if we assume instead |x,+1 — zp| < % forallm € N*7 <
Exercise 2.28. Let (z,)nen< be a sequence in R\ {0} such that the limit

Tn41
Tn

exists.

L= nmn%o‘

(a) Show that if L < 1, then lim,,_, o x, = 0.

Hint: Select a so that L < a < 1 and obtain N so that |x,41| < alz,]
forn > N.

(b) Show that if L > 1, then lim,, |2, | = +o00.
(c) Use (a) and (b) to show that

0, if |a| < 1,

1 ifa=1
lim a” =<¢ "’ 1 “ ’ <
n— o0 -+OO, if a > L

does not exist if a < —1.

Exercise 2.29. Let a,b,r € R and consider the sequence (x,,)nen+ defined
by

n
Ty = Zrk, n € N*,
(a) Show that
byt — g™t = (b —a) Z a" Iy,

=0

(b) Conclude that

1
Ty = r—1 " itr 21, for all n € N*.
n+1, if r =1,

(¢) Prove that (2, )nen« converges if and only if |r| < 1 and find the limit
in this case. <+

Exercise 2.30. Let (z,,) be a real sequence and define

neN*

1
on=—(v1+z24+ 4wz, for neN-
n
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(a) Show that

liminf z,, <liminfo,, < limsupo, < limsupx,.
n—00 n—0o0 n—o00 n—o00

Hint: For the last inequality, show first that M > N for M, N € N*
implies

1
sup{o, | n > M} < M(x1+:vg+~~+x1v)+sup{xn |n> N}
(b) Show that if lim,, o @, exists, then lim,,_,~, 0, exists and lim,, o, 0y, =
lim,,—soo Tny-

(c) Prove that if lim,, o 0, exists, (2;,),cy~ i nondecreasing and z, > 0
for all n € N*, then lim,, ., x,, exists and lim,, oo £, = lim,, oo 0.

(d) Give an example where lim,,_,» 0, exists, but lim,_, ., z, does not
exist. <

Exercise 2.31. Let (z,)nen- be a sequence in C and let (zy,(n))nen-,
(Thy(n) Jnen+s - 5 (T, (n))nen= be subsequences that partition N*, i.e.,

o | Jki(N*) =N* and
1=1

Show: If all those subsequences are convergent with limits y1, yo, ..., Ym,
respectively, then there exists no other subsequence with a limit different
from y1, Y2, - - Ym- <>

Exercise 2.32. Let (z,)nen+ be a sequence in C. Show

(Zn)nen+ converges
<= all subsequences of (x,,)nen+ converge

<= all subsequences of (z,,),en+ converge to the same limit. <>

Exercise 2.33. Prove that each of the following series converges and find
the limit.

© Nkt X rk+1 _2\k
@ Y S o) > ¢

k=1 k=0

Exercise 2.34. Prove that each of the following series diverges (that is,
“does not converge”).



2.5. Exercises 39

[e's) k 00
1 k+1
k=1 k=1
Exercise 2.35. Represent each of the following series Z;OZI ay as a telescopic
series, that is write ay = by, —by41 for all k& € N* and some sequence (b )pen+,
and find its limit.

;kh—H ,;Hz )(k + 3) M

Exercise 2.36. Let (aj)ren+ be a complex sequence. Prove that if Y72, |ay|
converges and (by),y- is @ bounded complex sequence, then > akby
converges. <

Exercise 2.37. Prove that if Zioz1 ay, is a convergent series of nonnegative
numbers and p > 1, then Y ;- , aj, converges. <>

Exercise 2.38. Show that if ;7 | a; and Y ;- by, are convergent series of
nonnegative numbers, then >~ | v/aib), converges.

Hint: Show apby < ayp + by, for all k € N*. <>
Exercise 2.39. Let (a,)nen+ be a complex sequence.

(a) Show that > > |a,| converges implies that Y - |a,|? also converges.
(b) Give an example of a divergent series > - | a, for which Y 7 a2

converges.

(c) Give an example of a convergent series > | a, for which Y~ a2

diverges. <

Exercise 2.40. (a) Prove if (a,) is a decreasing sequence of real numbers
and if 3 a, converges, then lim,, ., na, = 0.

Hint: Consider |any4+1 + ant2 + -+ ay| for suitable N.

(b) Use (a) to give a proof that Y -, 1 diverges different from the one
discussed in class. <

Exercise 2.41. Determine whether the following series converge
o0 o0

n! (n!)?
) S ODY
n=1 n=1

Exercise 2.42. Let (a,) € RV be decreasing and assume that S an
converges. Show that

<>

lim na, = 0.
n—oo

Hint: Consider |ant+1 + ant2 + -+ + an| for suitable N. <4



40 2. Sequences and limits

Exercise 2.43. Define the function f: R — R by f(z) == > 2, %, reRT
(a) Show that the series defining f(z) converges absolutely for every z € R.

(b) Show that f(1) = e, where e refers to the Euler number, i.e., e :==
lim,, o0 (1 + %)”
Hint: Show that the partial sums s,(1) of f(1) satisfy (1 + 1) <
sn(1) <e for all n € N*.

(c) Show (more generally) that for any = > 0, f(z) = lim, ;o (1 + )"
Show that the partial sums s,(x) of f(x) satisfy (1 4+ £)" < s, <
limy, o0 (1 4+ 2)" for all n € N*. <4

Exercise 2.44. Determine which of the following series Y ;- ; aj converge
or converge absolutely.

(a) ax =3
2" k is even
(b) ar = 2]3!<k’+1> . ,
SN k is odd.
—1)k
(-1) .

(¢c) ax = 7

Exercise 2.45. Consider the series Y - 2%

(a) Show that the series converges absolutely, and

(b) find the limit.

Hint: Let s ==Y -, 2% and find an equation of the form s =2s+ B
for some B € R. <

Exercise 2.46. As an alternative to Exercise 2.45 you can find the limit
of Y07 | o+ also by the following strategy. Prove > >° | #=4 = 1. Use this
result to calculate Y7 | 2.

Hint: Note 5=% = g — 5L for all k € N*. &

Exercise 2.47. Determine for which values of x € R the following series
converge or converge absolutely.

$2k

(a>;lk+1 02 T ¢

k=1

—~
—_
~—
o
8
Ea

"Here, we follow the convention that 00 := 1.
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Exercise 2.48. For (a;);jen- with a; # 0 for all j € N*, show that

. . a;
limsup {/|a;| < limsup ReARl
j—o0 j—o0 aj
Conclude that == — 0 as n — oc. <>

Vn!

Exercise 2.49. Let (X, ||-]|) be a normed vector space (see Exercise 2.1).
Assume that every Cauchy sequence in (X, ||+||) converges, i.e., X is complete.
Then for (z,)nen- € XV,

ZHan converges in (R,dy) = Z x,, converges in (X, d). <>

n=1 n=1

Exercise 2.50. Calculate Y o7, > , L. <&
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Chapter 3

Continuous functions

3.1 Limits of Functions

Definition 3.1 (limit point). Let (X, d) be a metric space and D C X. An
element x € X is called limit point of D (or accumulation point) if there
exists a sequence in D \ {z} converging to z. If z € D, but x is not a limit
point, we say that x is an isolated point of D. <>
Fact 3.2. Let (X,d) be a metric space, D C X and v € X.
(i) Then x is a limit point if and only if for every € > 0 the set {y € D :
d(y,z) < e} \ {z} is non-empty.

(ii) A limit point of D does not need to be contained in the set D, and,
conversely, an element of D is not automatically a limit point, e.g., an
1solated point is not a limit point.

Example 3.3. Let us consider a few illustrative examples:
(a) X =R, d=ds, D= (a,b). Then every element in [a, b] is a limit point
of D.

(b) Let X be non-empty and d be some metric on X. Any finite subset D
of X has no limit point and only consists of isolated points.

(¢) X be non-empty and d = dy be the discrete metric. Then no subset
D C X has limit points. <

Definition 3.4. Let (X,dx) and (Y, dy) be metric spaces, D C X and a
function f: D — Y. For a limit point x € X of D, an element L € Y is
called L the limit of f(t) ast goes to x (in D), denoted by

m f(t) = Im f)=L or f{t)=L{t—a),
if
Ve>030 >0VyeD : 0<dx(z,y) <d = dy(L, f(y)) <e.

43
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For Y = R and a limit point of D, we say that f(t) goes to +00 (—00), write
lim;,, f(t) = too, if

If X

VC >030 >0y eD :dx(z,y) <d = f(y)>C
(VC <036 >0VyeD :dx(z,y) <d = [fly) <C).

= R, we define the following variations of the limit:

e If 2 is a limit point of D N (x,00), we call limy_,; tc pn(z,00) f(t), the

right-sided limit of f(t) as t goes to x, denoted by lim,_, .+ f(¢).

e If z is a limit point of DN (—o0,z), the limit lim_,; tc pr(—oo,2) f(t) is

called the left-sided limit of f(t) ast goes to x, denoted by lim;_,,— f(t).

e If D is not bounded above (below), we call L € Y the limit of f(¢) as

t — oo (t - —00), if 3K > 0 such that (K,00) C D ((—o0,K) C D)
and

Ve >03C eRYy>C :dy(L, f(y)) <e
(MVe>03C eRVy < C : dy(L, f(y)) <e). <>

Fact 3.5. Let (X,dx) and (Y,dy) be metric spaces, D C X,z € X, LeY
and f: D =Y.

(i)

Then lim;_,, f(t) = L if and only if for every sequence (Tp)nen+ in
D\ {z} converging to x, we have that (f(x,))nen converges to L. This
corresponding statements hold for one-sided limits (left and right-sided
limits) and limits to +o0.

Pf: We show the two direction separately.

[=]: Suppose that lim;_,, f(t) = L. Then for every ¢ > 0 there exists
d > 0 such that dy (L, f(y)) < e for all y € D with dx(z,y) < d. On
the other hand, for every sequence (x,), in D\ {z} converging to
x, there exists N € N* such that 0 < dx(z,x,) < 0 for all n > N.
Therefore, dy (L, f(x,)) < &, which shows that f(x,) = L as n — oo.

[<]: To see the converse, we use contra position. Suppose that
lims_,, f(t) # L, ie.,

Fe>0Vi>0TyeD : 0<dx(z,y) <dAdy(L, f(y)) >e.

Now choose § = % and z,, = y. Then obviously z,, — = and f(z,) 4~
L.

IfY =R, dy =ds, g: D =Y and limy_,, f(t) as well as lim;_,, g(t)
exists, then
lim (f +g)(t), lim(f-g)(t)

exists and equals limy_, o f(t)+lims_q g(t) and lims_,q f(t)-lims—, 4 g(t),

respectively. If also g(t) # 0 for all t € D and lim;_,, g(t) # 0, then

limy_,, % exists and equals H
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This follows directly from the first fact and the corresponding result on
limits of sequences of real numbers.

(iii) Let D C R and f: D — R considered with the standard metric. Let
x € R be a limit point of the sets D, (x,00)ND and (—oo,z)ND. Then
limy_,,, f(t) exists if and only if both one-sided limits lim;_, .+ f(t) and
limy_, - f(t) exist and are equal, see (Problem Set 6, Practice Problem

5).

3.2 Continuous functions

Definition 3.6. Let (X, dx) and (Y, dy) be metric spaces and f: X - Y
be a function and x € X.

e We call f continuous at x if
Ve>030>0Vy € X : dx(z,y) <d=dy(f(z), fy) <e. (3.1)

e We say that f is continuous, if f is continuous at every point x € X,
that is
Vre XVe>030>0Vye X :
dx(v,y) <d=dy(f(2), f(y) <e. (3.2)

e We call f uniformly continuous (on X) if

Ve>030>0Ve,y € X : dx(x,y) <d=dy(f(z), f(y)) <e. (3.3)

<>

Fact 3.7. Let (X,dx) and (Y,dy) be metric spaces.

(i) If f: X =Y and x is an isolated point of X, then f is continuous at
x because there exists 6 > 0 such that {y € X | dx(x,y) < 0} = {z}.

(ii) The following assertions are equivalent.
(a) f is continuous at x.
(b) V(wa)nen- € XV 1 2y =B v = flan) =2 f(a).
n—oo n—oo
(¢) x is an isolated point or lim;_,, f(t) = f(x).
(iii) The identity mapping I: X — X,z — x is continuous (more precisely,
one may choose § = € in the above definition).

(iv) Continuity is a local property: That is, for functions g,f: X — Y,
x € X and e > 0 such that g(z) = f(z) for all z € X with d(z,z) < ¢,
it holds that f is continuous at x if and only if g is continuous at x.

(v) Note that in our definition of continuity, the set X is the set on which
the function is defined (in contrast to the definition of limits, where f
was only defined on a subset of X ).
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(vi) Let Y =R and d = dg. If f: X — R is continuous at v € X and
f(x) # 0, then there exists § > 0 such that f(t) # 0 for all t € X with
d(z,t) < 0.

(vil) LetY =R, dy =ds and f,g: X — Y continuous at x € X. Then f+g
and fg are continuous at x. If g(x) # 0, then g 1s also continuous.

(viii) Let X = R =Y, dx = dy = da. The constant function f: R —
R, f(z) = k, where R is continuous as we can directly see by definition
(for any e, we can choose any §). Therefore, using the previous point
of this fact list, we derive that every polynomial p: R — R with real
coefficients, p(x) = > p_o arz®, ap € R, n €N, is continuous.

(ix) For the discrete metric space (M,dy), with M nonempty and some
arbitrary metric space (N,dy) we have that every function f: M — N
is continuous. See FExercise 10.

(x) Note the difference between f: X — Y continuous and uniformly
continuous: The difference in (3.2) and (3.3) is the position of the
the quantifier “Nx”. Therefore, if f is uniformly continuous, f is
also continuous. The converse is wrong in general, as the example
f:(0,00) = R, f(z) =1, z € R shows.

Proposition 3.8 (Composition of continuous functions). Let (X,dx),
(Y,dy), (Z,dz) be metric spaces and f: X — Y be continuous at x € X and
g: Y — Z be continuous at f(z) €Y. Thengo f: X — Z is continuous at
z.

Proof. (In class we showed the proof by using the characterisation of con-
tinuity via sequences, Fact 3.7 (ii)). Here we show the claim by directly
referring to the definition. Let £ > 0. Since g is continuous at f(z), there ex-
ists § > 0 such that dz(g(f(z)),g(z)) < e for all z € Y with dy (f(z), 2) < 4.
Since f is continuous at x, there exists 8’ > 0 such that dy (f(z), f(y)) <
for all y € X with dx (z,y) < ¢’. Therefore, dz(g(f(z)),g(f(y)) < € for all
y € X with dx(z,y) < §'. a

Definition 3.9 (bounded, closed and compact sets). Let (X, d) be a metric
space and M C X. We say that M is

e bounded (in (X,d)),if Ie€ XIR>0: M C{z € X | d(c,2) < R};

e closed (in (X,d)), if M contains all limit points of M, ie., M =
M U{z € X | z is limit point of M};

e compact (in (X,d)), if every sequence in M has a convergent subse-
quence with limit in M. <>

Example 3.10. Every closed interval (according to Definition 1.30) in R is
indeed a closed set in (R, ds), because limits respect non-strict inequalities,
see Fact 2.8 (ii) and choosing one sequence as one of the boundary points of
the closed interval. <>



3.2. Continuous functions 47

Fact 3.11. Let (X,d) be a metric space and M C X.

(i) M is bounded if and only if every sequence in M is bounded, see

Definition 2.4.

(ii) M is closed if and only every convergent sequence in M has its limit
m M.

(iii) If M is compact, then M is bounded and closed.

(iv) A compact set subset of R has a minimum and a maximum.

Theorem 3.12 (Heine-Borel). Let p € N*. A set M C RP is compact in
(RP, ds) if and only if M is bounded and closed (in (RP,dz)).

Proof. We prove this result first for p = 1 and then for an arbitrary p € N*.
Step 1. Let p = 1. By Fact 3.11, we only have to show that a closed and
bounded set M C RP is compact in (RP,dy). Let p = 1 and consider a
sequence in M. Since it is bounded, we know by the Bolzano—Weierstraf
theorem, Theorem 2.21, that the sequence has a convergent subsequence.
The limit lies in M because M is closed.

Step 2. For p > 1, we first consider the sequence of the first components
of the sequence. Since this a sequence of real numbers, we now as in the
case p = 1, that there exists a converging subsequence. Consider the indices
of this subsequence and consider the corresponding sequence of the second
components of the original sequence. Again, there exists a converging
subsequence. Repeating this procedure for all p components of our sequence,
yields a subsequence of the original sequence whose component sequences
all converge. By the inequality da(x,y) < max;—1 .. p|z; — y;|, this implies
that this subsequence converges in (R?,dy). Because M is closed, the limit
lies in M. Therefore, M is compact. d

Theorem 3.13. Let (X,dx), (Y,dy) be metric spaces and f: X — Y be
continuous. If M C X is compact, then f(M) is compact.

Proof. See Exercise 3.12. a

Corollary 3.14. Let (X,dx) be a metric space and f: X — R be continuous.
If K C X is compact, then f attains its supremum and infimum on K, that
18,

3:L'minyxmax S K : f(xmin) == lnf f(l’) A f(xmax) = sup f(l’)
rEK z€K

In particular, the infimum and supremum are finite and equal the minimum
and maximum, respectively.

Theorem 3.15 (Intermediate value theorem I). Let a < b be real numbers
and f: [a,b] = R be continuous, where both [a,b] and R are equipped with
the standard metric. If f(a) - f(b) <0, then there exists ¢ € [a,b] such that

f(e)=0.
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Note that the condition f(a) - f(b) < 0 basically says that f(a) and f(b)
have different signs, i.e., either

fla) <0 A f(b) >0 or f(a)>0 A f(b)<O.

Proof. W.l.o.g. we assume f(a) < f(b). Otherwise we regard —f. Let
y = inf{z € [a,b] : f(x) > 0}. By continuity we have f(y) > 0. Moreover, if
f(y) > 0, then by continuity there exists a 6 > 0 for € := @ such that

f(y=0,y+0) C (fy) —e, fly) +¢) C(0,400).

Hence, f(y — %) > 0, which contradicts y being the infimum of {z € [a,d] :
f(z) > 0} (because y — 0 < y). Therefore, f(y) =0. a

Corollary 3.16. Let g: [a,b] — R be a continuous function (with respect
to the standard metric da). Then for every real number d in the interval
[min{g(a), g(b)}, max{g(a), g(b)}], there exists c € [a,b] such that g(c) = d.

Proof. For d = g(a) or d = g(b) the claim is trivial.

Hence, we regard d € (min{g(a),g(b)}, max{g(a),g(b)}) and define
f:]a,b] = R by f(z) = g(x) —d, for z € [a,b] and note that f(a)- f(b) <0
since min{g(a), g(b)} < max{g(a),g(b)}. Thus, by Theorem 3.15, we have
that there exists ¢ € [a, b] such that f(c) = 0. Thus g(c) = d. a

Example 3.17. Let n € N*. The function f: [0,00) — [0,00),z — x™
maps [0, 00) onto [0, 00). <

Theorem 3.18. Let f: X — Y be continuous and X be compact. Then f
is uniformly continuous.

Proof. Suppose that f is not uniformly continuous. This means that
Je>0V0>03x,ye X : dx(z,y) <dANdy(f(x), f(y)) > e.

This implies (set § = %, x = xz, and y = y,) that for this 0, there
exist two sequences (#n)n,(yn)n in X such that dy(z,,yn) < L and
dy (f(zpn), f(yn)) > € for all n € N*. Since X is compact, there exists
a convergent subsequence (2, )nen+ (recall, that means that k: N* — N* is
strictly increasing and we can also write x o k for the subsequence) with limit
x € X. Again, by the compactness of X, the (sub)sequence (y, Jnens = yok
has a convergent subsequence (yk.;m Jnens = yokok’ with limit y € X. Also,
(xk;n Jnen+ converges to z (as a subsequence of the convergent sequence

(g, Jnen+), and therefore
0 <dx(z,y) < dx(%xk;%) + dx(wk;m,yk;m) + dX(yk;C”,y) — 0 as n — oo.

By the squeeze theorem and the properties of metrics, we conclude that
x = y, which further implies that dy (f(z), f(y)) = 0. This is a contradiction

to dy (f(x), f(y)) = e. d
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3.3 Sequences and Series of functions

In Chapter 2 we have already defined sequences in general metric spaces.
Now we consider a sequences (f,)nen+ of functions f,,: X — Y, where, in
general X and Y refer to metric spaces. In particular, the cases X = I
and Y = R, where I C R is an interval, and with both sets considered with
the standard metric do will be most important and should serve as guiding
example.

Definition 3.19. Let (X, dx) and (Y,dy) be metric spaces. We define the
following sets:

C(X;Y)={f: X = Y| f is continuous},
Co(X;Y)={f: X = Y| f is continuous and bounded}.

If Y = R and dy = da, we also write C(X) = C(X;R) and Cp(X) =
Cp(X;R). >

The following proposition was discussed in the lecture for the special
case X =1 CR, dx =dy =dy and Y = R. The proof of the general case
is completely analogous.

Proposition 3.20. Let (X,dx) and (Y,dy) be metric spaces. Then the
function

doo: Cp(X;Y) x Cp(X;Y) = [0,00), (f,9)— sup dy (f(x),9(x))

defines a metric on C,(X;Y).

Proof. We show the three defining properties of a metric. Since doo(f,g) =0
if and only if dy (f(z),g(z)) = 0 for all x € X iff and only if f(x) = g(z)
for all x € X, the reflexivity is clear. The symmetry, do(f,9) = do(g, f)
is clear from the symmetry of dy. The triangle inequality follows from
the properties of suprema of sums, and the triangle inequality for dy: For
f,9,h € Cy(X,Y),

doo(f;h) = sup dy (f(x), h(z)) < sup (dy (f(z),g(x)) + dy (f(x),g(x)))

zeX reX
< sup dy (f(z), g(x)) + sup dy (g(x), h(z))
zeX zeX

Fact 3.21. Let (X,dx) and (Y,dy) be metric spaces.
(i) If X C R compact and Y = R equipped with the standard metric da,
then C(X) = Cp(X) and deo(f, g) = maxzex|f(x) — g(z)|.
(ii) Let X be compact, then C(X;Y) = Cp(X;Y) and ds(f,g9) =
maxzex dy (f(2), g(z)).
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This follows from the fact that a metric dy is continuous fromY XY to
[0,00) if Y XY is equipped with the metric dy xy (y,z) = dy (y1, 21) +
dy (y2,22) fory,z€Y x Y.

Definition 3.22 (Uniform and pointwise convergence). Let (X,dx) and
(Y, dy) be metric spaces and (f,,)nen+ be a sequence of functions f,,: X — Y,
n € N*. Let f: X = Y be a function. We say that (fy,)nen

e converges to [ uniformly (on X ), if
Ve>03dN eN*Vn>NVreX : dy(fu(x), f(z)) <e.

e converges pointwise to [ (on X ), if

Vre X Ve>03IN eN*Vn>N : dy(fu(x), f(z)) <e. <>
fn(z) = f(z)

Fact 3.23. Suppose we have a setting as in Definition 3.22.

(i) By definition of convergence it follows that “uniform convergence to
7 implies “pointwise convergence to f” (the order of the quantifier
Vo € X matters!). The converse is wrong in general (as we shall see
in the following examples).

(ii) Let fn, € Co(X;Y) for alln € N and f € Cp(X;Y). Then
(fn)nen= converges to f

< Ve>03INeN'Vn>N : supdy(fn(z), f(x)) <e
zeX

<=  doo(fn, f) = 0 (n = 00).

Thus, uniform convergence means that (fy,)nen+ converges in the metric
space (Cp(X;Y),ds).

(iii) In fact, in the above point, continuity wasn’t used anywhere. The cor-
responding statement applies to the metric space of bounded functions
from X toY with the metric d.

(iv) In the following (also Analysis 2), we will deal with questions of the
kind whether properties of the functions f,, n € N* are carried over to
the uniform limit f. For instance, we will shortly answer the question
whether the uniform limit of continuous functions is continuous.

Theorem 3.24 (Uniform convergence preserves continuity). Let X,Y be
metric spaces and (fn)nen+ be a sequence of continuous functions from X to
Y. If (fu)n converges uniformly to f: X — Y, then f is continuous.

Proof. Let z € X. We will show that f is continuous at x. Let ¢ > 0. By
uniform convergence there exists N € N* such that dy (fn(y), f(y)) <e/3
for all y € X. Since fy is continuous at x, there exists § > 0 such that

Vye X :dx(z,y) <0 = dy(fn(z), fn(y)) <e/3.
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Altogether we have for all y € X with dx(z,y) < ¢ that

dy (f(x), f(y)) < dy (f(z), fn(@)) + dy (5 (@), Iz (y) + dv (I (y), [(y)

<Sii4i-c
-3 3 3 7
This means that f is continuous at x. a

The above type of proof is sometimes referred to as “3e proof”.

Example 3.25. Let ¢ > 0 and X = [0,q], Y = R, both with the standard
metric do. Consider the sequence (f,)nen+ defined by f,(z) = 2™, n € N*,
x € [0, q]. By elementary properties on sequences of real numbers, we know
that
0, if . €10,1),
fn(z) — <1, ifx =1,
400, ifx>1,

as n — oco. Therefore, (f,)nen+ converges pointwise on [0, 1]. Yet, since

doo (frs f) = sup |fu(t) — f(t)] = sup [t" —0] =1,
te[0,1] tel0,1)
for every n € N*, doo (fn, f) /1 as n — co. Therefore, by the above fact,
(fn)nen+ does not converge uniformly on [0, 1] (alternatively, this could be
argued by Theorem 3.24 as f is not continuous on [0, 1]).
However, since for ¢ < 1,

sup [fn(t) — f(t)] = sup [t"]=¢" = 0 (n — o0),
t€[0,q] t€(0,q]

we conclude that (fy,)nen+ converges uniformly to the zero function on every
interval [0, ¢] with ¢ < 1. <

Theorem 3.26. Let I C R be a compact interval and (f,)nen+ be a sequence
of continuous functions fn: I — R, n € N*. Then

(fn)nen+ converges uniformly

< (fa)nen~ s a Cauchy sequence in (C(I), ds).

Proof. [=]: By Fact 3.23 uniform convergence of (f,,),en- is equivalent to
(fn)nen+ converging in (C(I),d). Every convergent sequence is a Cauchy
sequence.

[<=]: Suppose that (f,)nen~ is a Cauchy sequence in (C(I),ds). In order
to show that the sequence converges, we first find a candidate for its limit.
Let z € I. Since for any n,m € N*,

|fn(2) = fin(2)] < doo(frs fm)s
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we have that (f,,(x))nen~ is a Cauchy sequence in (R, d2) and thus converges
by Theorem 2.9 to a limit which we denote by f(z). It immediately follows
that f is the pointwise limit of (fy,)nen+ and it remains to show that f, — f
uniformly as n — co. By the Cauchy sequence property and the definition
of do, we have: for every € > 0 there exists N € N* independent of x € T
such that for all n,m > N

[fu(@) = fm(@)] <e.

We get, by letting m — oo on each sides of the inequality, that

|fn(z) = f(2)] <,
which readily implies that f,, — f uniformly as n — oc. d

Remark 3.27. The above theorem can immediately be generalized to
sequences of functions in Cp(X) = Cp(X;R) with metric spaces X. <>

Recall from the tutorials Exercise 2.1 the following special examples of
metric spaces: Let X be a vector space (over R) and ||-||: X — [0, 00) with
the following properties for f,g € X,c € R:

(i) Ifl=0 < f=0,
(i) lefll = lelll £l
(i) ILf +gll < LI+ llgll-
Then d(z,y) = ||x—y||, z,y € X, defines a metric on X, the so-called induced
metric. We call ||+|| a norm and (X, ||:||) a normed space. By considering
the induced metric, every normed space can thus be seen as a metric space.
We note that the metric dy, defined on Cp(X) = Cp(X;R) can be written
as do(f,9) = suppex|f(t) — g(t)| = || f — glloo, Where [|h]loc = sup,e x| (t)]
defines a norm on Cp(X). Therefore, C,(X) is a even a normed space.
Recall that a series 2211 x), in a normed space was defined by the sequence

of partial sums (32}, k), .-

Theorem 3.28. Let (X,dx) be a metric space and (fn)nen+ be a sequence
in Co(X). If

o0 o0
D filloe =Y sup|fr(z)] < +o0,
k=1 k=17€X

then Y poy fi converges uniformly, that is, in (Cp(X), dso)-

Proof. By what has been stated above the theorem, (Cy(X), ||+||co) normed
space with the norm inducing d,. Furthermore, we know by Theorem 3.26
and Remark 3.27 that every Cauchy sequence in Cp(X) converges. By
Exercise 2.49 we can thus conclude from Y 7o || fx[lcc < +oc that the series

> ey [ converges in (Ch(X), doo). Q



3.4. Exercises 53

Remark 3.29. We point out that the statements of Theorem 3.26 and
Theorem 3.28 hold in an analogous way for the metric space Fy(X;R) of
bounded functions f: X — R on any set X equipped with the metric dn.
Analogously, here do, is induced by ||+||o- Furthermore, they also hold in
analogous way for C-valued functions F,(X; C), where C is equipped with
the Euclidean distance ds. See also Remark 2.10. <>

Following the remark above we formulate the following variant of the
above results.

Theorem 3.30 (Weierstrafs test). Let (X, ||-||) be a metric space and
(fn)nen+ be a sequence of bounded functions f,: X — R(C), n € N*. Let
also (My)nen+ be a sequence of positive real numbers such that

o0
ZM” < 00
n=1

and
Vee X @ |fo(z)| < M,.

Then Ziozo fn converges uniformly and absolutely, that is, Zzo:o | fr(2)]
converges for every x € X.

3.4 Exercises

Exercise 3.1.

(a) Find all limit points and all isolated points (that is, all points of D
which are not limit points of D) of D = {1~ ‘ n € N*} (where i is the
imaginary unit) in C equipped with [-|.

(b) Let (z)nen+ be a sequence of real numbers and D := {z,, | n € N*}.
Are the limit superior and limit inferior always limit points of D?

(c) Let M # 0 and dy the discrete metric on M. Show that every subset
D of M has no limit points w.r.t. dp. <

Exercise 3.2. Let R be equipped with the standard metric, D C R
and f: D — R. Determine whether the following limits (of the form
limg_, f()) exist and determine their values (if they exist).

(a) limz? —2y/zon D:={z € R |z >0}
=7

-2
(b) limﬁ onD={zeR|x>0ANx#4}

z—4 v —4

(c¢) lim Jzl on D =R\ {0}

z—0 X



54 3. Continuous functions

(d) limmonD::R\{O} <+

z—0 12

Exercise 3.3. Let R be equipped with the standard metric and n € Nj.
Show that f: R — R,  — z" is continuous only using the definition of
continuity. 4

Exercise 3.4. Let p > 0 and g: (0, p) — R. Show that

lim g(z) = lim g(3),

rz—0t r—>400
where one side exists if the other exists. <>

Exercise 3.5. Let D C R and f: D — R considered with the standard
metric. Let € R be a limit point of the sets D, (z,00)ND and (—oo,z)ND.
Show that lim;_,, f(t) exists if and only if both one-sided limits lim;_, .+ f(t)
and lim;_, .- f(t) exist and are equal. <

Exercise 3.6. Let R be equipped with the standard metric. Show that
f: R — R given by
22 +3, <1,
f(x) ::{wt‘rl’ rz>1,
is a continuous function. <>

Exercise 3.7. Let R be equipped with the standard metric, a,b € R and
f: R — R be defined by

22, T <2,
flz) =< ar+0b, =€l2,4],
2°+2 x> 4.

rz—1"

Find values for a,b such that f is continuous. <+

Exercise 3.8. Let (X, ||+]|) be a normed space. Show that f: X — R,
2+ ||z|| is continuous, i.e., ||-|| is continuous. <>

Exercise 3.9. Prove that the function f: [0,00) — R, f(x) = /z, is
continuous. 4

Exercise 3.10. Let f: [0,00) — R be given by
(1+2%) (y/24+1—4/%), >0,
f(z) = ( \/7)
0, z=0.
(a) Determine lim,_,q+ f(z).

(b) Determine at which values z € [0,00) f is continuous.
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(¢) Determine the largest set .S C [0,00) on which f (more precisely, the
restriction of f to ) is uniformly continuous. <

Exercise 3.11. Let f: R = R, f(z) :=>7" fl, Show that f is continuous
at z =0.

Hint: Show that |f(z) — 1] < l‘jlx‘ for small |z|. <>

Exercise 3.12. Let (X,dx) and (Y,dy) be metric spaces, f: X — Y
continuous, and K C X compact.

(a) Show that f(K):={y €Y | 3z € K with f(z) = y} is compact.

(b) Show that if X is compact and f is bijective, then f~1: Y — X is
continuous.

(c) Let n € N*. Show that the n-th root {/-: [0,00) — R is continuous.
<}

Exercise 3.13. Let (X, d) be a metric space. Define

dxxx ((75)), (33)) = dx(v1,91) +dx(22,92),  (2), (1) € X x X.

Show that (X x X, dxxx) is a metric space and that d: X x X — [0, 00) is
continuous. <>

Exercise 3.14. Let M # () be equipped with the discrete metric dg. Show
that

(a) every function f: M — R is continuous,

(b) f: R — M is continuous, if and only if f is constant. <
Exercise 3.15. Check whether f: D — R, z — 1/x is uniformly continuous.

(a) D= (0,1];

(b) D= [1,00); <

Exercise 3.16. Let D1, Dy C R, f: D; — D> continuous and continuously
invertible, i.e., f~': Dy — D; exists and is continuous. Show that for any
xo € Dy and g: B,(f(z0)) = R with p >0
lim = lim T
,m g(y) = lim g(f(x))
in the sense that one side exists, if the other side exists (and then they
coincide). <>

Exercise 3.17. Find a counterexample to: Let D C R, f: D — R con-
tinuous at zg € D, p > 0 and g: (f(zo) — p, f(z0) + p) — R such that
limy,_, ¢(z0) 9(y) exists. Then

lim g(y) = lim g(f(x)). <

y—f(zo) T—=To
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Exercise 3.18. Let exp: C — C be defined by

o0 Zn
exp(z) = Z o
n=0

which we have already seen in Exercise 2.43 and Exercise 3.11. We call it
the exponential function. Show that

(a) The series of functions converges uniformly on bounded sets;

(b) Conclude that exp is continuous;

(¢) Show that exp restricted to R maps to R, i.e., exp|R: R — R; <
Exercise 3.19. Prove that x exp(x) = 2 for some x € (0, 1). >
Exercise 3.20. Let n € N* and f,,: (0,1] — R be defined by

. 1
S A

Show that f, is continuous and show that (fy,)nen+ converges pointwise to
0 (the constant 0 function), but not uniformly. <>

Exercise 3.21. Let f: [0,2] — R be continuous and f(0) = f(2). Prove
that there exist z,y € [0, 2] such that

ly — x| =1 and f(z) = f(y)-

Hint: Consider g(z) == f(z + 1) — f(2) for z € [0, 1]. <>

Exercise 3.22. Consider the sequence (f,,)nen+ of functions f,,: [0,00) = R,
defined by

x'l’L

fn(z) = 1+an°

x € [0,00),n € N*.

(a) Prove that the sequence (f,)nen+ converges pointwise to a limit
f:10,00) = R.

(b) Does the sequence convergence uniformly?

(c) Show that the series >~ f,, converges uniformly on [0, ¢] for every
0<g<l1 <4

Exercise 3.23. Show that if f: [a,b] — [a,b] is continuous, then f has a
fixed point, i.e., there is an n € [a, b] such that f(n) =n. <>

Exercise 3.24. Show that the following functions f are uniformly continu-
ous.
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(a) Let f:[0,00) = R be continuous and lim,_,~, f(z) € R.
(b) Let f: R >R, f(z) =1/ (2*+1). >

Exercise 3.25. Let n € N* and ax € R for all £ € Ny, 0 < k < n, and
an # 0. Given a general (non-constant) polynomial p: R — R defined by

p(x) = ana™ + -+ + a1z + ao,
for z € R. Show the following statements:

(a) If n is odd, then p has at least one zero in R (that is, Ja € R such that
p(a) = 0).

(b) If n is even and aga, < 0, then p has at least two zeros in R. <>

Exercise 3.26. Show that the series of functions (in the variable x)

>
327 4 na?
n=1
converges uniformly on [0, co). <

Exercise 3.27. Let f: R — R be bounded on the closed interval [a, b] with
a < b. Suppose that for every pair of points x1, x2 satisfying a < z; <z < b,

it holds that
/ (ml —|—1:2) < f(z1) +f(a:2)'

2 - 2

Prove that f is continuous on the open interval (a, b). <
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Chapter 4

Differentiability of functions
in one variable

4.1 The derivative and basics

In the following R (and C) is always understood with the standard metric
ds.

Definition 4.1. Let I be a nontrivial interval and let f: T — R (or f: I —
C). Then f is called differentiable at x € I if the limit

i £ = (@)

t—x t—2x

fl(z) =

exists. The value f'(x) is called the derivative of f at x and is also denoted
by (d%f) (z) or ﬂ(x) We say that f is differentiable if f is differentiable

dx

at every x € I. e

Fact 4.2. In the setting of the above definition, we have the following
facts, most of them being consequences of what we have seen about limits in
Section 3.1.

(i) Fort # x, the term
f(t) = f(z)
t—x
1s called differential quotient of f between t and x.

(ii) If x is not a boundary point of the interval, f is differentiable at x if
and only if the right and left-sided limits (see also Definition 3.4 and
Fact 3.5)

PR (R0 ()

t—xt t—x t—x— t—x

exist and are equal, in which case they also equal f'(x).

99
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(iii) f s differentiable at x € X if and only if for every sequence (tn)nen=
f(tn)*f(w))
neN*

tn—x

in I\ {x} converging to x, it holds that the sequence (
converges to a limit independent of the sequence (tp)nens-
(iv) The property of f being differentiable at x € X is a “local property” of
f
Example 4.3. Let us take a look at the derivative of some common functions.

a) Let n € , J1 R—= R, x — 2", 1s diflerentiable at every x € R wit
L N* R—=R " is diff iabl R with
f'(x) = na™~!. This follows from

f)—fl@) tr—a"  (t—)(t" " 24 ta 2 Y

t—x t—x t—x
:(tn—l +tn_2$+-“+t{£n_2+xn_1).

for t # x and the fact that polynomials are continuous. Alternatively,
one could substitute h = ¢t — x in the above equation, and expand
f@) = f(z+ h) = (z+ h)"™ by using the binomial formula as well as
continuity.

(b) For ¢ € R, the constant function f: R - R, f(z) =cfor all z € R is
differentiable with derivative f'(x) =0 for all z € R.

(¢) The function f(z) = |z| defined on R is not differentiable at 0. This
follows from Fact 4.2 (ii).

(d) The function exp: R — R given by

o n

ep@) =) —., a€R

n=0
is differentiable at every point z € R with exp/(z) = exp(z), see
Exercise 4.1.

(e) The functions sin: R — R and cos: R — R are differentiable with
derivatives sin’(z) = cos(x) and cos’(z) = —sin(x), see Exercise 4.8.
<>

Proposition 4.4 (Differentiable = continuous). Let I be a nontrivial
interval and let f: I — R (or f: I — C) be differentiable at x € I. Then f
18 continuous at x.

Proof. The statement follows by the characterization of continuity by limits
Fact 3.7 and

lim f(t)— f(z) = lim M-(t—x) = f'(x)-lim(t—x) = f'(t)-0=0,

t—x t—x t—=x t—x

where we used the properties of limits Fact 3.5. a
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Remark 4.5. The converse of Proposition 4.4 is not true, as Example 4.3 (c)
shows. <

For the following result recall that if for a continuous function g: I — R
on some nontrivial interval we have that g(z) # 0 for some z € I, then there
exists € > 0 such that g(y) #0 for all y € (—e + x,x + €).

Proposition 4.6 (Sum, product and quotient rules). Let I be a nontrivial
interval and let f,g: I — R (or f,g: I — C) be differentiable at x € I. Then
(i) f + g is differentiable at © and (f 4+ g)'(z) = f'(z) + ¢'(z);
(ii) fg is differentiable at x and (fg) (z) = f'(z)g(z) + f(x)g' (z).
(iii) If additionally g(x) # 0, then 5 is differentiable at x and (5)1 (x) =
f'(w)g(w)*é(r)g’(m) ]

g()

Proof. We prove the statements as listed in the proposition
(i) This is clear from properties of limits (or sequences), see Fact 3.5 (ii).
(ii) By the identity, for t # x, t € I,

ft)g(t) - f(x)g(x)

t—x
_ f(t)g(t)tii(:v)g(x) B f(t)g(ti:i(m) +f(t)g(ti:i($)
== LE g (a)
= f'(@)g(x) + f(2)g' (z)

as t — x, where we used that f is continuous at x by Proposition 4.4,
the assumptions on f and g as well as the properties of limits.

(iii) This follows analogously to the argumentation in (ii) by the identity

o))

t—zx

.

(t

t

—

f(=@)

~ 9@ 1 t)— f(x
8 _ (U=,
9(t)g(x) t—x
for all t € {s € I'| g(s) # 0}. Since this set contains a subinterval in

I including the point z, letting ¢ — x, shows the assertion by using
continuity of g, by Proposition 4.4, and properties of limits. a

—~
~ |~

g

— f(z)

8] o

Example 4.7. The previous result applied on polynomials gives:

(a) For n < 0, the function f: R\ {0} — R, f(z) = 2™ is differentiable at
every x # 0 with f/(z) = na™~!. This follows from the quotient rule

as (@) = L.
(b) Let g and h be polynomials. Then the rational function f = % defined

on the set {x € R | g(z) # 0} (which is a union of intervals) is
differentiable. <4
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Proposition 4.8 (Chain rule). Let I,J be nontrivial intervals and let
f: I — R be differentiable at x € I. Let f(I) C J and let h: J = R (or
h: I — C) be differentiable at f(x). Then (ho f): I — R is differentiable at
x and

(ho f)(z) =h(f(2))f (2).
Proof. Consider the function ¢: J — R defined by

h(s) = h(f(x))

o= s—jw 71
W (f()), s = f(x).
By assumption on h, 9 is continuous. By
h(f(#)) = h(f(x)) _ h(f(t)) = h(f(x)) f(t)—f(z) _ J@) - =)
t—x ) - f(x) t—x =v(f1) t—x

Since f is continuous at x by Proposition 4.4, and since 1 is continuous,
»(f(t)) converges to ¥(f(x)) as t — x as a composition of continuous
functions. The quotient on the right-hand side converges to f’(z) because f
is differentiable at . d

Example 4.9. Let f: I — J, with nontrivial intervals I, J, be differentiable
at « € I and suppose that f is bijective. If f'(x) # 0 and f and the inverse
function f~! are continuous on I, then f~': J — [ is differentiable at f(z)
with

&

Definition 4.10 (Derivative as function and higher derivatives). Let I be a
nontrivial interval and f: I — R (or f: I — C) be differentiable. Then the
function

I = R(C),z— f'(x)

is called the derivative of f. For n € N*, we can furthermore recursively
define the (n + 1)-th derivative or derivative of (n 4 1)-th order by

dn+1

(n+1) ._
f 'Ardxn+1

f= (™,
if (") is differentiable on I. We also say that f is (n+1)-times differentiable.
For n = 1,2 we also write [/, f”. <>

Note that in order to define f(*+1)(z) at some point x € I, f needs to
be n-times differentiable at every y in an interval containing .

Definition 4.11. Let I be a nontrivial interval with and f: I — R(C). We
say that f is continuously differentiable, if

f is differentiable on I and f’: I — R(C) is continuous.
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The set of all continuously differentiable functions f: I — R(C) is denoted
by CY(I;R) (C1(I;C)). More generally, for n € N*, we say that a function
is n-times continuously differentiable if f is n-times differentiable and f(™)
is continuous. We denote the set of these functions by C"(I;R) (C™(I;C)).
Finally, we set
C*(I;R) = (] C™(I;R)
neN*

and refer to it as the set of infinitely-often differentiable functions. <+
Example 4.12. The function f: R — R given by

x?sin (1), x#0,
fay= 1o ome) o7

0, z =0,

is differentiable but not continuously differentiable. <

4.2 Local Extrema & the mean value theorem

Definition 4.13. Let (X, d) be a metric space and f: X — R where R is
equipped with the standard metric. We say that f has a local mazimum
(minimum) at o € X if there exists » > 0 such that

Vy ey e X |d(xo,y) <7} : flzo) = fy) (f(zo) < f(y))-

:Br (Cl)())

Local maxima and minima are called local extrema (local extremum for
singular use). <

Proposition 4.14. Let I be a nontrivial interval and f: I — R be differen-
tiable on I. Let xg be in I but not a boundary point of I. If f has a local
extremum at xq, then f'(xg) = 0.

Proof. If f has a local maximum at x(, which is not a boundary point of
the interval, then there exists r > 0 such that I’ := (xg — r,20 + ) C [a, D]
and f(z) < f(zo) for all x € I'. By definition of f’'(z¢) and Fact 4.2 (ii),

1 1
hl_ifél_ E(f(fﬂo + h) = f(xo) = f'(w0) = hli)%L E(f(mo +h) — f(xo).
Since +(f(wo+h)— f(z¢) = 0for h € (—r,0) and (f(zo+h)— f(zg) < 0 for
h € (0,7), we conclude that f'(xg) > 0 and f'(x¢) < 0, whence f'(z() = 0.
The case of f having a local minima at zg follows from the proven part by
considering — f instead of f. d

Corollary 4.15 (Rolle’s Theorem). Leta < b be real numbers and f: [a,b] —
R be continuous and fl ) differentiable. Suppose that f(a) = f(b). Then
there exists £ € (a,b) such that f'(£) = 0.
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Proof. By Corollary 3.14 and the compactness of [a,b], we have that the
continuous function f has a minimum and maximum, attained at z.;, and
Zmax Tespectively. If {@min, Tmax} = {a, b}, then f(a) = f(b) = f(min) =
f(max) implies that f must be constant, whence, f’(x) = 0 for all z € (a,b).
Otherwise, w.l.0.g. Tmin € (a,b). But then, by Proposition 4.14, f'(zmin) =
0. a

The following result is a special case of a more general theorem which we
will prove. Because of its importance we state this special case separately.

Theorem 4.16 (Mean Value Theorem). Let a < b be real numbers and
fila,b] = R be continuous functions and fl|ap),9lap) be differentiable.
Then there exists £ € (a,b) such that

f)—fla)
Y pe).
Proof. This is a special case of the following result, Theorem 4.17. d

Theorem 4.17 (Generalized Mean Value Theorem). Let a < b be real
numbers and f,g: [a,b] — R be continuous functions and f|q.p),9l(a,p) e
differentiable. Suppose that g'(t) # 0 for all t € (a,b) Then g(a) # g(b) and
there exists £ € (a,b) such that

f) = fla) _ f'(€)
g(b) —gla) g€

Proof. The idea is to apply Rolle’s theorem, Corollary 4.15 to a suitable
function h: [a,b] — R. First, we note that g(a) # g(b) by contraposition of
Corollary 4.15 since, by assumption, g(t) # 0 for all ¢ € (a,b). Therefore,
the function h: [a,b] — R, given by

is well-defined, continuous and h|(, ;) is differentiable as composition of
continuous resp. differentiable functions. Furthermore, g(a) = g(b) = 0.
Therefore, by Corollary 4.15, there exists £ € (a, b) such that

i TAGRIGR

which shows the assertion. 4

f1(&) -

Corollary 4.18. Let I be an interval with boundary points (included or not)
a < b, where a = —oo and b = oo are allowed. Let f: I — R be continuous
and f|p) be differentiable. The following assertions hold.
(i) If f/ > 0 (f > 0) on (a,b), that is, f'(t) > 0 (f'(t) > 0) for all
t € (a,b), then f is increasing (increasing) on I.
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(i) If f/ <0 (f' <0) on (a,b), that is, f'(t) < 0 (f'(t) < 0) for all
t € (a,b), then f is decreasing (decreasing) on I.

(iii) If f' =0 on (a,b), then f is constant on I.
(iv) If f is increasing (decreasing) on I, then f' >0 (f' <0) on (a,b).

Proof. The proof of the first two assertions follows directly from the Mean
Value Theorem, Theorem 4.16 since, e.g., f/ < 0 implies that
fd)—fle) _

d—c _f(gc,d)go'
Therefore, f(d) — f(c) < f'(€c.q)(d —¢) <0 for all ¢,d € (a,b) with ¢ < d.
That the inequality f(d) < f(c) even holds for ¢,d € I with ¢ < d follows by
continuity.

The third assertion is clear from the first two.

The last assertion is immediate from the definition of the derivative as
limit of differential quotients and the properties of limits with respect to
inequalities. d

Va<c<d<bIq€(cd) :

The (strictly) increasing function f(x) = 2 defined for x € R shows that
f increasing does in general not imply that the derivative is strictly greater
than 0.

The following result can be understood as some kind of intermediate
value theorem for the derivative of a differentiable function. It is surprising
in the light of the already seen intermediate value theorem (Theorem 3.15)
since the derivative of a differentiable function need not be continuous,
Example 4.12.

Lemma 4.19. Let I be a nontrivial interval and f: I — R be differentiable.
Then

) ={f(z)eR|zecl}
is an interval.

Proof. We sketch the idea of the proof and leave it as an exercise. In order
to show that f/(I) is an interval, it suffices to show that for any points z;
and zo in I with x1 < xs, it follows that ¢ € f/(I) for any ¢ between f'(z1)
and f’(x2), that is any ¢ € (min{f’(x1), f'(x2)}, max{f'(z1), f'(z2)}. To do
so, consider the function

g: [r1,22] = Rz — f(x) — cx,

which is continuous since f is differentiable. Therefore, g has a maximum
and a minimum. Note that f/'(z1) — ¢ = ¢'(z1) and f'(z2) — ¢ = ¢'(x2).
By considering differential quotients at x; and zo, it can now be shown
that g does not attain both its maximum and its minimum at the points
Z1,Z9, 1., at least one of the extrema is in the open interval (z1,z2).
By Proposition 4.14, we conclude that 0 = ¢'(x) = f'(z) — ¢ for some
x € (w1, 22). a
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Theorem 4.20 (Rule of de L’Hospital). Let —co < a < b < +00 be real
numbers or oo and f,g: (a,b) = R be differentiable with ¢'(x) # 0 for all
x € (a,b). Further assume either

(A) limg o+ f(z) =0=1lim, .+ g(x), or
(B) lim,_,,+ f(z) = £oo = lim,_,,+ g(x).
The following implication holds:
!
If A== lim () e RU{xo0} ezists, then lim 1 (@)

z—at gl(!I}) z—at g(LU)

exists and equals A.

The same statement holds if

lim s replaced by lim or lim
z—a™t z—b~ T—rTo

for some xo € (a,b) everywhere above.

Proof. See lecture. a

Example 4.21. We have already encountered the exponential function
exp: R — R and its inverse In: (0,00) — R in the tutorials. If we want to
compute the limit

lim ,
T—00 eXp X
we can use de L’Hospital’s rule because f(x) = z and g(x) = exp(x) are
differentiable on R and, by the properties of the exponential function, we have
that lim,_, o exp(2) = +00. Again, by using that lim,_, ., exp(z) = 400 as
well as exp’ = exp (see tutorials), we have

lim —— =0
xgrolo exp’(z)

Thus lim,_, $ = 0 as well. Similarly, we can compute

1
lim zln(z) = lim ngx) ,
z—0+ z—0t P
where we can use that lim,_,q+ In(z) = —oo (see below or the tutorials), and

that In is differentiable on (0, 00) with In’(z) = 2 for 2 > 0 , which follows
from Example 4.9. Now by

1
x

lim — =— lim —z=0,
z—0t -2 z—0t

we obtain the limit lim,_,q+ z In(z) = 0 by the rule of de L’Hospital. <
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4.3 Taylor’s theorem (for functions in one vari-
able)

As a consequence of the (generalized) Mean Value Theorem, Theorem 4.17,
we derive the following result on how to approximate differentiable functions
by polynomials.

Definition 4.22 (Taylor polynomial). Let k € Ny and I be a nontrivial
interval. For a k-times differentiable function f: I — R(C) and some point
y € I, we call the polynomial Ty (f) given by

n

k en)
Ty(F)(@) = Ty (N(w) = S LW gy
n=0 !

the k-th order Taylor polynomial of f (centered) at y. <

Theorem 4.23 (Taylor’s theorem). Let k € Ny and I be a nontrivial
interval and f: I — R k-times continuously differentiable such that f(k)|(a7b)
is differentiable, where a and b denote the boundary points of I.

Lety € I. Then for every x € T\ {y} there exists £ € (min{xz, y}, max{z,y})
such that

FEHI()
(k+1)!
The latter term is also called the error of the k-th order Taylor polynomial

(centered at y).

k+1

Ry py(x) = f(2) = Ty py(2) = (z—y)

Proof. Given z,y € I with z # y, we define F, G: [min{z, y}, max{z,y}] —
R by

F(t) = f(z) = Thpe(r), G(t):=(@—t""",  te [min{z,y}, max{z,y}],

(note that the term in the definition of F' is a Ty, f+(x) not Ty ¢(t)). The
idea is to apply the generalized Mean Value Theorem (for the functions
F and G), which is why we need to check the assumptions first. Both
functions are continuous on their domain and differentiable on the open
interval (min{z,y}, max{z,y}) by the assumptions on f. Therefore, by
Theorem 4.17, there exists £ € (min{z, y}, max{z,y}) such that

Ripa(y) _ Fly) = F(z) mvr F'(§)
(x—y**t Gy - G(x) G'(&)

Also note that by definition of F,G, we have by the product rule and
exploiting a telescoping sum that

(4.1)

b Fpnt)
Fl(g) _ Z f n'(é-)n(—l)(fﬂ _ é—)n—l _ Z f — (5) (l’ o g)n
n=1 : n=0 .

f(k+1) 3
gy
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and G'(€) = —(k+1)(z — &)*. Plugging this in (4.1) yields the assertion. Q

Fact 4.24. Let the assumptions of Theorem 4.23 be satisfied.

(i) The Taylor polynomial Ty, ¢, is a polynomial of degree k.
(ii) There exist many other ways to represent the error of the Taylor
polynomial. E.g., if, in the proof of Theorem 4.23, we more generally

define G by
G(t) = (z =),

for some p € N*, then we derive the expression

JED(y)

@ —9r,

Ry fy(2) =

Using the substitution & = 0z + (1 — 0)y for 8 € (0,1), we get the
Schlémilch form of the error. The error form we have seen in Theo-
rem 4.23 is usually called Cauchy form.

(iii) If additionally f***(z) = 0 for all x € (a,b), then the error term
vanishes and hence f(x) = Ty, . (x) for all x € I (by continuity on the
whole of I). Therefore, the solutions of the (differential) equation

fEY@y =0 ze(ab), (4.2)

that is, all the continuously differentiable functions on I, which are
differentiable on (a,b) and satisfy (4.2) are given by all polynomials of
degree less than k + 1.

Example 4.25. We represent some examples for the Taylor polynomial.
(a) Let p: R — R be a polyonmial. Then T} , o(z) = p(z) for all k € N*,
(b) Let f = exp: R — R. Then Ty expo(z) = SoF_, &0 for all k € N*,
where we used that exp(™ = exp.

(c¢) Let f: (0,00) = R,z — /z and y > 0. Then f is infinitely often
continuously differentiable on (0, 00) and the second Taylor polynomial
at y = 1 is given by

1 1
T, - =vV1+ —(z—1)— =(z —1)2 <>
i) = VIt g =)~ g 1)
Corollary 4.26. Let a < b, m € N*\ {1} and f: (a,b) — R be m-times dif-
ferentiable such that f*) is continuous at some point y € (¢c,d). Furthermore,
suppose that

F)=FfPy) = =f"Dy)=0 and f™(y)#0.

(i) If m is even, then f has a strict local extremum at y, which is a local
mazimum, if f™ <0 and a minimum otherwise.
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(ii) If m is odd, then there is no local extremum at y.

Proof. We use Theorem 4.23 for Kk = m — 1 € N*, to see that for all
x € (¢,d),
f(l’) = Rm—l,f,y(x) + Tm—l,f,y(x) = Rm—l,f,y(x) + f(y)
() m
@ =y + f(y).

for some £ € (min{z, y}, max{x,y}), where we used that T},,_1 s, (x) = f(y)
by the assumption that the derivatives of f vanish at y.

(i) If m is even, we conclude that the sign of the last term equals the one
of f™(€), which, for x sufficiently close to y, equals the sign of f™(x)
by the assumed continuity of f(™ at x. Therefore, f(z) — f(y) is
either positive or negative for such y, which proves the first assertion.

(i) If mis odd, we see that, (x—y)™ > 0 if and only if x > y, which implies
that for every € > 0 there exists 1 and x5 such that |21 — y| < € and
|ze —y| < € and

flx) = fly) >0 A f(z2) — f(y) <O.

Therefore, y cannot be a local extremum. a

4.4 Elementary functions: exp, sin, cos

In the following we finally formally define elementary functions such as the
exponential functions and the trigonometric functions. Partially this has
been executed in the tutorials already. It should be noted that all these
functions are by no means “trivially” defined by what one “knows” from
school, but, in the course of a proper approach to analysis, require rigorous
treatment.

Definition 4.27. For x € R or z € C define

oo n

exp(a) = Y =,

n=0

which converges (absolutely) by the ratio test for infinite series. We typically
consider exp as function from R to R, and write exp¢ if we refer to the
function from C to C (which clearly extends the one defined on R). We call
this function the exponential function. We further define the sine (function)

expe (iz) — expe(—iz)

sin: R - R,z — 5 = Im(expe(iz)),
i
and the cosine (function)
cos: R=> R,z — expe(iz) + expe(~ir) = Re(expe(iz))

2
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where i refers to the imaginary unit and Re(z) and Im(z) are the real and
imaginary part of z respectively and where we used that exp(ir) = exp(—iz)
(which follows from i” = (—i)™ and since z — Z is continuous). <>

Let us collect some basic properties of the exponential function

Proposition 4.28 (Properties of the exponential function). The following
properties hold.

i) expe: C — C is an extension of exp: R — R. The defining series o
i) expe: C = C i tensi R — R. The defini '
exp (and expg) converges uniformly on compact sets in R (and C).

(ii) exp(0) =1 and exp(xz) > 1+ x for all x > 0.

iii) exp: R — R and expg: (C,ds) — (C,ds) are continuous. Moreover,
C
exp: R — R is infinitely often differentiable, exp € C*(R,R) and
exp = exp’ = exp® for any k € N*.

(iv) The function R — C,x — exp¢(iz) is in C*°(R,C)
(v) For every a € C, expe(ax) expe(—azx) = 1.

(vi) For all a,fp € C, f: R = C,x — foexpc(az) is the differentiable
function f solving

fllx) =af(z) VYzeR,  f(0)=fo

(vii) For all a,b € C, expe(a + b) = expe(a) expe(b).

(viil) expg(a) #0 for all a € C and exp(z) > 1 for all z € (0,00). Further-
more, 0 < exp(z) <1 for all x < 0.

(ix) exp is (strictly) increasing (on R) and lim,_, « exp(z) = oo as well as
lim, o exp(z) =0

(x) exp: R — (0,00) is bijective
(xi) For every m € Z and n € N*, exp () = (em)% (with e® = 1). In
particular, exp(1l) = e.

Proof. See Exercises 2.43, 4.1, 4.3, 4.4 and 4.6. d

Definition 4.29 (The logarithm). The inverse function of the exponential
function exp: R — (0, 00) is called the (natural) logarithm and denoted by
In (or sometimes log). g

Proposition 4.30 (Properties of the logarithm). The following assertions
hold.

(i) In: (0,00) — R is strictly increasing and lim,_,q+ In(z) = —oco and
lim, 00 In(z) = 00.

(i) In is in C*°((0,00); R).
(iii) In(1) =0 and In(e) = 1.
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Definition 4.31 (General powers of postive real numbers). Let a > 0 and
x € R. We define

T

a” = exp(zln(a)) = €” In(a) 4
Proposition 4.32. Let a > 0 and z,y € R.
(i) a® =1, (a®)¥ = a®™ and a®a¥ = a®*V.
(i) If v =2 form € Z and n € N*, then a® = (a™)
(iii) e* = exp(x) for all x € R

The last property motives to use the slightly shorter notation e* for the
exponential function whenever convenient.

3=

Proposition 4.33 (Properties of sin and cos). For all a,b,x,y € R we have
that

k 2k k,_ 2k
(i) cos(z) = rep % and sin(z) = > po, % where the con-
vergence is uniform on compact sets in R.

(ii) sin and cos are infinitely often differentiable with
sin' =cos and cos’ = —sin.

Euler’s formula: exp(iz) = cos(z) + isin(z).

)
(iv) De Moivre’s formula: (cos(x)+isin(z))™ = cos(nz) +isin(nx) n € N*.
) For all exp(x + iy) = exp(x)(cos(y) + isin(y)).

)

cos?(z) +sin?(z) = 1. In particular, cos(x) and sin(x) take values only
within [—1,1].

(vii) cos(a+b) = cos(a) cos(b) —sin(a) sin(b) and sin(a+b) = sin(a) cos(b) +
sin(b) cos(a)

(viii) cos has a smallest positive zero xo, which lies in the interval (0,2). We
define 1 = 2x.

(ix) sin(z + §) = cos(z), sin(—x) = —sin(z) and cos(z) = cos(—x).

(x) sin and cos are 2m-periodic, that is, sin(x + 27) = sin(x) and cos(x +
2m) = cos(x).

(xi) cos(km) = (—1)*, sin(km) = 0 for all k € Z.
(xii) cos(x) =0 <= x € § +7Z andsin(z) =0 <= € nZ.

(xiii) The restriction of sin to the interval [—7t/2,7/2] and the restriction of
cos to [0,71] are bijective onto the interval [—1,1].

Proof. See tutorials and lecture. d
By the above properties, the following functions are well-defined.

Definition 4.34 (Tangent, and inverse of sin and cos). We define the
inverses of the trigonometric functions:



72 4. Differentiability of functions in one variable

e The function tan: (—7/2,7,2) —» R,z — 2;2((2%
(function). Its inverse is called the arcus tangent and is denote by
arctan: R — (—m/2,7/2).

e The inverse function of sin |[_n /2 /2] defined on [—1, 1] is called arcus
sine (or arcsin) and denoted by arcsin: [—1,1] — [—7/2,7t/2].

is called the tangent

e The inverse function of cos (g ) defined on [—1, 1] is called arcus cosine
(or arccos) and denoted by arccos: [—1,1] — [0, 7] <>

4.5 Primitives (Anti-derivatives)

Definition 4.35 (Primitive/Antiderivative). Let I be a nontrivial interval
and f: I — R. A function F': T — R is called primitive (or antiderivative if
F is differentiable and F’' = f. <>

It can be useful to also define the following functions

exp() + exp(—a)

cosh: R —» R,z — 5 ,

called cosine hyperbolicus and
xp () — exp(—x)
2 )
called sine hyperbolicus. It is not hard to see that they also share properties
similar to the ones of sin and cos (even simpler to prove), like

sinh: R - R,z — ¢

. / / . /
sinh’ = — cosh and cosh’ = sinh

or cosh?(z) — sinh?(x) = 1 for all # € R. The sinh function is bijective from
R to R and cosh is bijective when considered from [1, c0) to [0, c0).

Proposition 4.36. Let I,J C R be nontrivial intervals and Sy, Sy primitves
of f: I =R and g: I — R. Then we have:
(i) For every ¢ € R, Sf + ¢ is a primitive of f. Conversely, if F is a
primitive of f, then there exists c € R such that F' = S¢ + c.
(ii) For every A € R, ASy + Sy is a primitive of A\f + g.
(iii) If f, g are differentiable and if Syy is a primitive of fg', then fg—Ssq
is a primitive of f'g.
(iv) For differentiable h: J — I, we have that Syoh: J — R is a primitive
of (foh)-h.
Proof. That S¢ + c is a primitive f follows from linearity of the derivative
and since the derivative of a constant function on an interval is zero. The
second part of the first assertion follows from (F — Sf)" = F" — S} = 0. The

other assertions follow from linearity of the derivative as well as product
and chain rule. Q
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Remark 4.37. By Proposition 4.36 (i), we can rewrite items (ii), (iii) and
(iv) as

(ii) Sxp+g = AS§ + Sy + constant

(iii) Syg = fg — Sgyq + constant

(iv) S(fonynr = Sy o h + constant
We point out that for the above result (i) it is essential that the considered

functions were defined on one interval (and not, e.g., on a union of disjoint
intervals). <>

Definition 4.38. Let I C R be a nontrivial interval and f: I — R. The set
of all primitives of f is called the indefinite integral f fof f. <

Example 4.39. Let in the following I be a nontrivial interval.

(a) IQR,T>O:I$T=“;T_:+C

(b) I C (—00,0)U c [ =z[+C
() ICR: [e* =¢" —|—C’,fsm:—cos—l—C’,fcos:sin—f—C,fsinh:
cosh 4+ C, [ cosh = sinh 4+ C

(d) ICR: [ H% = arctan(x) + C, where arctan: R — (=7, §) is the

inverse function of tan.!

(€ ICRr>1: [ty = —grapreyrr + Cand [ 55 = ;In(1 +
22+ C

(f) ICR,keNk>2: [cosk = S‘“COS s E=L [ cosh=2 + C, (integra-
tion by parts):

/cosl€ = /cos~cosk*1

=sin-cos" L+ (k—1) /sin2 -cost 2

sin-cos* ! 4 (k — 1) /cosk_1 —(k-1) /cosk

(8) ISR, >0: [ oy = gy T + s J ey (subsi-

tution):

L y = tan(z) = h(z)
(1+42)" | W(z)=cos?z=1+tan’x
1 —2
N / (1+ tan? )" cos™"(z)
_ /COSQT‘—2($) ® sin cos? 3 N 2r — 3 /COSQT—4

2r —2 2r — 2

Inote that arctan’(y) = ﬁ with rule for differentiating the inverse function.
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(h) I=(0,00) : [In=zln(z) —x+C
(i) I C(-1,1) : [ —2—= = arcsin(y) + C (substitution y = sinz)?
J e =3l +y)) =l —y|) +C
(j) ICR: [ == = arsinh(z)+C = In(z+ V22 + 1)+ C, (substitution

NzEs i
y = sinh z)3
k) IC(1,00) : [ ﬁ = arcosh(z) + C = In(z + va2? — 1) + C (substi-
tution y = cosh z) <>

4.6 Exercises

Exercise 4.1. Let 2z € C,a € C and h € R.

(a) Let n € N*. Show that f,(h) = +[(a(z + h))" — (az)"], h # 0,
converges to a"nz""! as h — 0.

(b) For n € N* let fn(h) := fu(h), h # 0, and f,(0) == a™nz""1. Show
that

o [fu(h)| <am2(|2| +1)" " for all h € [~1,1] and
o Yol a" 2" (|2 + 1) < oo
(¢) Prove that

lim exp(a(z + h)) — exp(az)
h—0 h

exists and equals a exp(az). <>

Exercise 4.2. We define sin: C — C and cos: C — C by

1 1
cos(z) = 3 (exp(iz) + exp(—iz)), sin(z) = 5 (exp(iz) — exp(—iz))
i
for z € C, where i refers to the imaginary unit.

(a) Write cos and sin as series of the form Y ;a,z"™ with real numbers
an, 1 € Ng. Do these series converge uniformly on every bounded
subset of C?

(b) Show that sin(R) C R and cos(R) C R.
This allows us to regard sin and cos also as function from R to R.

(c) Show that exp(iz) = cos(z) + isin(z) for every z € C. <>
2where arcsin: [-1,1] — [-Z, 5], arsinh: R — R, arcosh: [1,00) — [0,00) is the

inverse function of sin, sinh and cosh.
3note cosh? z — sinh?z = 1
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Exercise 4.3. Let us regard the following differential equation for fixed
a € C and ug € C:

<
'~
—~
~+
~

I

~u(t) f t e R,
a-u(t) for (4.3)

(a) Show that u: R — C, u(t) = wup - exp(at), satisfies the differential
equation (4.3).

(b) Show that exp(—at)exp(at) = 1. Hint: Use the product rule.

(¢) Show that there is no other C-valued function on R that satisfies these
equations.

Hint: Assume there is another function @: R — C that satisfies (4.3)
and regard ¢ — exp(—at)u(t). (You need that only constant functions

have derivative 0 (on intervals).)
Exercise 4.4. Let a,b € C. Show for t € R
exp((a + b)t) = exp(at) - exp(bt).
In particular, conclude the exponentiation identity for arbitrary a,b € C
exp(a + b) = exp(a) - exp(b).
Hint: Use Exercise 4.3.
Exercise 4.5. Let f: (a,b) - R. We say f is a convezr function, if
Vi, 29 € (a,b)VE € [0,1] : f((1—t)ay +twa) < (1 —1)f(21) + tf(x2).
Show
(a) that f is convex is equivalent to
V1,22 € (a,b)Vt €10,1] :
f(or +t(zg — 1)) < flan) +t(f(22) = f(21)).
What is the geometric meaning of this?

(b) that f is convex is equivalent to

f(z2) — f(21)

x3) — J (T
a<zri<zToa<a3<b — Sf(B) f( 2).
T2 —T1 T3 — To

Hint: Write x2 as (1 — t)x1 + tas for a suitable t.
(¢) Conclude that f is continuous on (a,b)

Exercise 4.6. Use the exponentiation identity to show that
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(a) exp(x) >0 for z € R (d) limy_ocexp(z) =0
(b) exp is strictly increasing on R (e) exp: R — (0, +00) is bijective
(¢) limg_s 100 exp(x) = 400

Note that this implies that there exists an inverse function of exp: R —
(0, +00) denoted by In: (0, +00) — R. <

Exercise 4.7. Calculate the derivative of the following functions f: (0, +0c0)
— R defined by

(a) f(z) =z, (¢) f(z) = In(z).
(b) f(z):= /x forn e N*
Exercise 4.8. Show that sin’ = cos and cos’ = — sin.
Exercise 4.9. Prove the following angle sum identities for z,y € C
(a) cos(x + y) = cos(x) cos(y) — sin(zx) sin(y),
(b) sin(z + y) = cos(x) sin(y) + sin(x) cos(y),
(¢) cos?(z) + sin?(x) = 1. <

Exercise 4.10. Find a,b € R such that the following function f: R — R is
differentiable.

Jw) = {Z? 2exp(x — 2), i 2 52,0—;);3)])’. M

Exercise 4.11. Let a,b € C. Show for t € R
exp((a + b)t) = exp(at) - exp(bt).
In particular, conclude the exponentiation identity for arbitrary a,b € C
exp(a + b) = exp(a) - exp(b).

Hint: Use Exercise 4.3. <+
Exercise 4.12. Show that In(z - y) = In(z) + In(y) for all z,y > 0 (In is the
inverse function of exp). >
Exercise 4.13. For a positive real number z and a rational number ¢ := -,

n,m € Z (m # 0), we can define
z? = Van.
Show that
x? = exp(In(z)q).
Hence, we extend 27 for ¢ € R accordingly, i.e., 7 := exp(In(z)gq). Solve
5% =10, i.e., find a formula for z. <
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Exercise 4.14. Show that exp(z) = e” for all z € R. <
Exercise 4.15. For n € N*, calculate the limits:

. 2 -1 . " . xIn(z)
e I

Exercise 4.16. Compute the n-th Taylor polynomial of f: (0, +oc0) — R,
n+1
f(z) =In(x), at zo := 1. Finally, conclude the value of > >~ # <

Exercise 4.17. Show that

tm tm+2

R

m! = (m+ 2)!
for all m € N*, m > 2, and ¢ € [0, 2]. Use this to show that cos(2) < 0. <
Exercise 4.18. Calculate the derivative of f: (0, 400) = R, f(z) =z*. <

Exercise 4.19. For n € N*, calculate the limits:

(a) lim (b) lim ie\/E (¢) lim ief.

=0 I z—+oo " z—0 ™

sin(z)

8
m""

<>

Exercise 4.20. Let f: (a,b) — R be differentiable. Show that the image of
f’, i.e., the set
f,((a7b)) = {f’(l‘) ‘ x € (avb)}a
is an interval.
Hint: Use

(a) that J C R is an interval if and only if for all y1,y2 € J : 11 < yo =
[y1,12] € J, and

(b) for z1,z2 € (a,b) and f'(z1) < ¢ < f'(x2), the function g: [z1,x2] —
R, g(¢t) == f(t) — ct. <

Exercise 4.21. Compute the n-th Taylor polynomial of f: [0, +0c0) — R,
f(z) =z, at xp == 1. >

Exercise 4.22. Let f: (a,b) — R be such that there exists a K > 0 and
a > 1 such that for all z,y € (a,b)

|f(z) = fy)| < K|z —yl|*
Conclude that f is constant. <+

Exercise 4.23. Show that the function p: R — R given by

e oo 220

0, z <0,

is in C*°(R) and compute its n-th Taylor polynomial at xo = 0. &>



78 4. Differentiability of functions in one variable

Exercise 4.24. Let x > 0 and « > 0 show that

« < 1 1
(1_|_x)o¢+1 o (1+x)a

Conclude that the series

=1

Z nita

n=1
converges.
Hint: Regard the function f: (—1,+00) = R, f(y) = ﬁ, and use the
mean value theorem. <4

Exercise 4.25. Use the rule of de 'Hépital to calculate

-
m(—————
a—0\ sin?(rz) a2

Hint: You might need to apply de 'Hépital’s rule multiple times. <

Exercise 4.26 (A warning from Otto Stolz). Let f,g: R — R be defined by
f(x) ==z + sin(z) cos(z) and g(x) = f(z)exp(sin(z)) for x € R. Show that

lim 7f(x)
v—too g(x)

does not exist, but
f'(x)

ac—ir-‘,{loo g'(:L')
exists. Does this contradict the rule of de I’'Hopital? <+

Exercise 4.27. Let f: (a,b) — R be a twice differentiable function. Show
that f is convex, if and only if f”(x) > 0 for all = € (a,b). <

Exercise 4.28. Let f: [a,b] — R be continuous on [a, b] and differentiable
n (a,b). Show that f'*(a) exists, if lim, 44 f'(x) exists and that in that
case f'T(a) =lim;_, 44 f'(z) holds. <>

Exercise 4.29. Let f: R — R be defined by
F(2) i= 2 exp(—a?).
Perform a curve sketching for f, i.e.,
(a) find all continuity points of f,
(b) find all points where f is differentiable,

(c) find the intervals, where f is monotonically increasing or decreasing,
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(d) find the intervals, where f is convex or concave (f is concave, if —f is
convex),

(e) find all zeros of f,
(f) find all local and global extrema of f,

(g) find all inflection points of f, i.e., points where the curvature changes
from convex to concave or the other way around.

(h) determine the behavior of f as x — +o0,
(i) draw a sketch of the function. <>

Exercise 4.30. Let f, g: [a,b] — R be continuous on [a, b] and differentiable
on (a,b). Moreover, let f(a) = g(a) and f'(z) < ¢'(x) for all z € (a,b).
Show that f(z) < g(z) for all = € (a, b].

Use this to show that exp(z) > 2 for x > 0. <

Exercise 4.31. Let f: (a,b) — R be twice differentiable. Show that for
x € (a,b)
o) — i HE ) =2 @)+ Fa =B

h—0 h? ¢

Exercise 4.32. Regard the function f: (0,1) — R given by
f(z) == 2%sin !
= ~)

(a) f is continuous, (b) f continuously differentiable,

Decide whether

(¢) f can be continuously extended to [0, 1),

(d) f can be continuously differen- (e) f can be differentiably extended
tiably extended to [0,1), to [0,1). <>

Exercise 4.33. Show that every convex function is continuous. <

Exercise 4.34. Let f: (a,b) — R be convex and differentiable, and x¢ €
(a,b) such that f’(xg) = 0. Show that f attains its minimum at . <>

Exercise 4.35. Let f: (a,b) — R be twice differentiable. Show that f has
a local minimum at zo € (a,b), if f'(xo) =0 and f"(zo) > 0.

Show on the other hand that every local minimum zy € (a,b) satisfies
f'(zo) =0 and f"(z0) > 0. <>

Exercise 4.36. Let f: (a,b) — R be n times differentiable and for a <
1 <y < - < Tp < Tpyr < b we have f(z;) =0 (for j € {1,...,n+1}).
Show that there exists a ¢ € (a,b) such that f(™(¢) = 0. <>
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Exercise 4.37. Show that the sequence (f,)nen+ given by f,: R — R

/

fnlz) = %, converges uniformly to 0 for n — oo. Does (f) also

converge? <&

Exercise 4.38. Perform a curve sketching (as in Exercise 4.29) for

R — R,
I { v = (22— 1)exp(—|z)). ¢

Exercise 4.39. Let tan: (—%,%) — R be defined by tan(z) = Z;I;Eg
Perform a curve sketching for tan, including the behavior of tan as x —
+7. In particular show that tan is invertible. We denote its inverse as
arctan: R — (—%,%) <
Exercise 4.40. Let arctan: R — (—%, %) be the inverse of tan. Calculate
its derivative. <+

Exercise 4.41. Calculate the derivatives of arcsin and arccos (these are
the inverse functions of sin: [-Z, %] — [-1,1] and cos: [0,71] — [-1,1],
respectively). <>

Exercise 4.42. Calculate the anti-derivatives of (n € N*)

1 exp(3z) +1

- b) —2A) T2

(&) z(x + 2) (b) exp(z) + 1
(c) x?sin(x) (d) sin(z)™ cos(x) <
Exercise 4.43. Let a,b,c > 0. Calculate the anti-derivative of f: R -+ R
given by f(z) = ;75 <>
Exercise 4.44. Calculate the anti-derivative of —2f* <+

z(zt—x)"



Chapter 5

The Riemann integral

5.1 The Darboux integral

Motivation:
e We would like to “define” the “area underneath a function”.
e We would like to have the “inverse” operation to differentiation

Some intuitive examples

T 1, itzefo1]nQ,
flz) =1+ f2(m)_{0, if z € [0,1]\ Q.

Definition 5.1 (Partition and step function). Let a < b be real numbers
and f: [a,b] — R be bounded. Then a finite subset P of [a,b] is called a
partition of [a,b] if a,b € P.

We make the convention: Let N + 1 € N* be the number of elements in
P, which we will typically denote, in increasing order, by

a=ty <t <---<tny_1 <ty =0
Moreover, if we write “P = {t; | ¢ = 0,..., N}” is a partition, we assume

that the ¢;’s are ordered (and distinct) as above.
We call f: [a,b] — R a step function if there exists a partition P =

{ti | i=0,...,N} of [a,b] such that the restriction f|q, , . of f to the
(open) interval (¢;_1,t;) is constant for every ¢ = 1,..., N. We then also say
that f is a step function with respect to the partition P. <+

Note that we don’t assume anything about the values a step function
takes at the points ¢;, 9 = 0,..., N in the partition.

Definition 5.2 (Lower and Upper sums). Let a < b be real numbers and
f:[a,b] = R be bounded. For any partition P = {t; | i =0,...,N} of [a,]],

81
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we call
N N

Lp(f) = Z(ti_ti—l) inf f(t), Up(f):= Z(ti—ti—l) sup  f(t).
i=1 te[ti—lwti] i=1 te[ti_l,ti]

the lower sum and the upper sum of f, respectively. <

We note that for any bounded function on [a,b] and any partition P of
[a, ], the lower and upper sum Lp(f) and Up(f) exist as real numbers.

Definition 5.3 (Darboux integral). Let a < b be real numbers and f: [a, b] —
R be bounded. We define the lower integral

f=sup{Lp(f) | P is partition of [a, b]}
Ja,b]

and the upper integral

f=if{Up(f) | P is partition of [a,b]}
[a,0]

of f. Furthermore, we say that f is (Darbouz/Riemann) integrable if

/ =
Ja,b] [a,b]

and, which case, we call this value the integral of f from a to b and denote
it by

b
/ f(z)dx. <>
a
We remark that the reason for the notation “ fj f(z)dz” will only become
apparent in due course.

Fact 5.4. Let f: [a,b] — R be a bounded function.
(i) Note that the the lower and upper integral of f are well-defined real

numbers because for any partition P ={t; | i =0,..., N},
al Def
- b—a) inf f(t) < ti—ti_ inf t) =L
oo < (0-) Jnf S0 < D2 ti0) int 50 L)
N
SUp(f) =) (ti—tica) sup f(t) < (b—a) sup f(t) < oc.
i=1 te[tifl,ti] te[a,b]

Thus also I[a’b] < (a,b] f-
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(ii) If f is a step function, then f is integrable with

/:f(@ dz = f‘;(ti e =3 (i~ ) =)

i=1
where P = {t; | i = 0,...,N} and f|u,_,+,) = ci € R for all i =
1,...,N.
To see this, observe that Lp(f) = Up(f) and for this specific P and
thus, by the first item, f[a nf = f[a o= f; f(x)dx.

(iii) If P and Q are partitions of [a,b], then P UQ is a partition as well.
In particular, the integrability as well as the integral of a step function
does not depend on the partition chosen to represent it.

(iv) f is integrable if and only if for every € > 0 there exists a partition P
of [a,b] such that

Up(f) — Lp(f) <e.

(v) f is integrable if and only if there exists two sequences of step functions
(hn)TLEN*7 (gn)neN* such that

gn(z) < f(z) < hy(z) Va € la,b],

b
and  lim / hn(z) — gn(z) dz = 0.

n—oo

This follows directly from the previous two items by choosing € = %,
with P=P, ={t; |i=0,...,N}, and

9n (.’[) = inf f(t)a hn(x) = sup f(t)

te[ti—1,ti] tE[ti_1,ti]
Proposition 5.5. Let a < b be real numbers and f,g: [a,b] — R be inte-
grable.
(i) For A € R, f+ \g is integrable and f: f(x)+ Ag(x)dx = f; f(x)dx +
b
A S g(x)da.
(i) If f < g (that is, f(z) < g(z) for all x € [a,b]), then fab flz)dz <
b
fa g(z)dx.

(iii) The functions fy, f—,|f]: [a,b] = R given by fi(x) = max{f(x),0} ,
f-(z) = min{f(z),0}, © € [a,b] and |f(-)| = f+ + f— are integrable

and ,
/ f(z)dx

(iv) f-g is integrable and if there exists C > 0 such that g(x) > C for all
x € [a,b], then 5 is integrable.

< / (@) d.
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Proof. Use Fact 5.4, see lecture. a

Example 5.6. Note that functions can be “very discontinuous”. The follow-
ing examples illustrate their (non)integrability.

(a) The function f: [0,1] — R defined by

)1, ifze0,1]NnQ,
f(x)_{o, if 2 € 0,1\ Q,

for z € [0,1] is called Dirichlet function and is not integrable. This
follows since fo =0 and fo = 1, which, in turn follow from the fact

that for any two distinct real numbers z < y (in (0,1)), there exists a
rational and a irrational number in (x,y). This fact is a consequence
of the Archimedean principle, Fact 1.28.

(b) The Thomae’s function f: [0,1] — R given by

L' if 2 = 2 € [0,1], where p, q are coprime,
fl@)=91 . I
0, ifze0,1]\Q,
is integrable. We shall see this shortly. <>

Recall the notion of uniform convergence for sequences of functions on
[a, b] from Section 3.3.

Definition 5.7. For a < b real numbers let

3(fn)nen+ of step functions such that

Reg([a,b]) == {f: [a,b] = R

lim  sup |fn(z )—f(w)|=0}

n—oo :CE[a b]
denote the set of regulated functions. <

It follows from the definition that elements in Reg([a,b]) are exactly
those function which are uniform limits of step functions.

Theorem 5.8. Let a < b be real numbers. Any function in f € Reg([a,b]) is
integrable. In particular, any continuous function f: [a,b] — R is integrable.

Proof. First of all we note that any function in Reg([a, b]) is bounded as
uniform limit of bounded functions. Given f € Reg([a,b]), there exists a
sequence (fy)nen+ of step functions which converge uniformly to f. Let
€ > 0 and let n € N* be such that

sup [f(x) = fu(2)] <e.

z€la,b]
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Let P={t;|i=0,...,N} be a partition corresponding to f,. We define
step functions gy, hy: [a,b] = R by

gn($) = inf f(x)? hn(x) = sup f(ﬂ:) T e (ti—hti)ai: 1a"'7N7
me(ti*hti) Ee(ti_l,ti)

and gn(z) = hy(x) = f(x) for x € P. By construction, g, < f < h,, and

b

L%W@ﬂM@lemdﬂ_h@+LwMﬂﬂM@®<2L&

where we used that h, and g,, are constant on each interval of the partition
and

and similarly,

fo(@) = hn(2) < frlz) = fz) < |fo(z) — f(2)] <e.

Therefore, by Fact 5.4 (v), f is integrable.

To see that any continuous function f: [a,b] — R is in Reg([a, b]), recall
that every continuous function on a compact interval is uniformly continuous.
Therefore, given € > 0 there exists ¢ > 0 such that for all z,y € [a, b]

lz—yl<d = [f(z)-fly)l<e

Without loss of generality assume that § < b—a and let N = [%5%]. Set
to =a, t; =t;_1+6fori=1,...,N —1 and ty = b. Define the step
function f,, by assigning the value f (%) for each x in any interval
(ti—1,t;), i =1,...,N and f,(x) = f(z) at all points z =¢;,7=0,...,N.
This shows that f is the uniform limit of (fy,)nen+- a

Proposition 5.9. Let a < b be real numbers and f: [a,b] — R. Then
f € Reg([a,b]) if and only if for all x € (a,b) the left and the right limit of
f at x and lim;_,+ f(t) as well lim;_,,— f(t) exist.

Proof. Skipped. d

Fact 5.10. Let f: [a,b] = R be a function.
(i) Integrability of f doesn’t change if f is changed at finitely many points.
(ii) Let f be bounded and ¢ € (a,b). Then f is integrable if and only if
flia,e) and f|cp) is integrable. Also note that f|(, ) is integrable if and
only if f- 114 [a,b] = R is integrable, where 11, : [a,b] — R is the
indicator function of the set [a,c], that is, 1}, ¢(z) = 1 if 2 € [a,c]
and 1jq(z) =0 if € [a,b] \ [a, c]. Moreover,

fﬂ@mzl%@m+fﬂ@m.
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5.2 The Fundamental Theorem of Calculus

The following result will be extremely useful for explicitly computing inte-
grals.

Theorem 5.11 (Fundamental Theorem of Calculus). Let a < b be real
numbers and f: [a,b] — R be integrable. Then the function F: [a,b] — R
given by

r) - [ Cfw)dy, we bl

is continuous. If f is continuous at xqy € [a,b], then F' is differentiable at
and F'(xq) = f(zo).

Proof. To show that F' is continuous at x € [a,b) when f is integrable,
consider first h > 0 small enough such that x + h < b and

x+h x x+h
Fa+h)-Fa = [ fody- [ fway= [ jway
Taking absolute values and using triangle inequality for integrals, we conclude
that
Fla+n) - F@l<h sw [f),
y€E[x,x+h]

where the supremum is finite because f is bounded as an integrable func-
tion. Hence, limy_,o+ F(z + h) = F(z). Analogously, one shows that
limy,_,g- F(x + h) = F(x) for any = € (a,b]. Together this implies that
limp_,o F(x + h) = F(z), which shows continuity of F.

If f is even continuous at xg, we have by the above reasoning—again for
h >0 and zg + h < b—that

<

zo+h
P Iw - )y

0

%(F(x +h) — F(z)) = f(z0)

< sup [f(y) = fl=o)l.

y€lzo,xo+h]

Since f is continuous at xg, it follows from the definition of continuity that

lim  sup |f(y) — f(zo)| =0,
h=0 ye(zg,m0+h]

which shows that limj, o+ +(F(z + h) — F(z)) — f(x0) = 0. Again, the case
h < 0 follows analogously, showing differentiability of F'. d

Corollary 5.12 (Computing integrals using antiderivatives). Let a < b
be real numbers and f: [a,b] — R be continuous. Then there exists an
antiderivative(primitive) F: [a,b] — R of f on [a,b] given by

Fo) - [ " fw)dy
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for all x € [a,b] and for any antiderivative G: [a,b] — R of f it holds that

b
/ F(@)dz = G(b) — G(a).

Example 5.13. We compute the integral f13 In(z) dz by using the funda-
mental theorem of calculus and the primitive we already know for In: [1,3] —
R. &

Corollary 5.14. Let f: [a,b] — R be continuous.

(i) For h: [, B8] — [a,b] continuously differentiable, it holds that
B h(B)
[ rem@an= [ .

h(a)

(ii) If f and g: [a,b] = R are continuously differentiable, then

b b b
[ 1@ (@) o= s@gta)| - [ f@ge) .

(iii) If f(x) > 0 for all x € [a,b], then

b
/ fl@)yde=0 = f(z)=0 for all x € [a,b].

Proof. The first two statements follow directly from the corresponding
statements for primitives, Chapter 4, and the Fundamental Theorem of
Calculus Theorem 5.11.

The last statement can be shown directly by supposing that f is not
0 at some point x € [a,b] and using continuity directly to construct a
contradiction. Alternatively, we have by the Fundamental Theorem of
Calculus that F(z) = [ f(y)dy is continuously differentiable on [a, b] with
derivative F'(z) = f(x) > 0. Therefore, F is increasing, Corollary 4.18, but
at the same time F'(a) = F'(b) = 0 by assumption and definition of F'. Thus,
0=F(a) < F(z) < F(b) =0 for all x € [a, b], which settles the proof. QO

5.3 Improper Riemann Integrals

Definition 5.15 (Improper and absolute integrals). Let I be a nontrivial
interval and denote by a and b the left and right boundary points (includ-
ing +00) and f: [a,b) — R(C). We say that f is improperly (Riemann)
integrable, if for every b" € (a,b), f|ja»] is integrable and the limit

, -
lim f(z)dx = f(z)dx

b'—=b= Jq a
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exists. Analogously, we say that f: (a,b] — R(C) is improperly integrable
if for every o’ € (a,b), fliop is integrable and lim,/ _,,+ fab, fl@)dz =
ff+ f(z)dz exists. Likewise we say that f: (a,b) — R(C) is improperly
integrable, if there exists ¢ € (a,b) such that f|, ¢ and f|.) is improperly
integrable and write

/Qif(x)dx::/;f(x)dx—k/cbf(m)dm. &

Definition 5.16 (Absolutely integrable and absolutely improper integrable).
Let I be a nontrivial interval and f: I — R(C) (or C). If I = [a, b] for some
a,b € R, and |f(+)|: I — R(C) is integrable, then we say that f is absolutely
integrable. For other intervals I and |f(+)|: I — R(C) improperly integrable,
we say that f is absolutely improper integrable. <+

Fact 5.17. We make the following observation about improper integrals.

(i) By the Fundamental Theorem of Calculus (first part), Theorem 5.11,
it holds that for every integrable function f: [a,b] — R, flqp) s
improperly integrable and

/abf(x)dx_/aif(f”)dx_/aif(x)df—/abf(x)dx.

Therefore, we may also simply denote improper integrals by fab f(z)da
and state explicitly that it is meant as improper integral.

(ii) The converse implication, that an improper integrable function f is
integrable, s wrong in general. This is, e.g., easily seen with the
example f: (0,1] — R with f(z) = 22, which is not defined on [0, 1]
and unbounded on (0,1] and therefore not integrable (even if we define
£(0)). Howewver,

1
/ ufv*1/2d310:1(1—51/2)—>1 ase— 0T,
i 2 2

(iii) A function can be absolutely integrable while not being integrable. An
instance is given by a variant of the Dirichlet function, Example 5.6,

1, if x €10,1] NQ,

fy={t Tred

-1, fzel0,1]\Q,
which is not integrable (as it can be written as two times the Dirich-
let function minus the constant 1-function). The function |f| equals
the constant 1-function, which is clearly integrable, whence f is abso-

lutely integrable. We shall, however see in the following result that if
f:a,b] = R is integrable, then it f is also absolutely integrable.
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(iv) In contrast to the last sentence of the previous item, a function may be
improperly integrable while not absolutely improperly integrable. This
1s shown in the following example. Note that this is not so surprising
in the light of infinite sums which are convergent, but not absolutely
convergent.

Example 5.18. We consider

sin(7tx)

0
f:[O,oo)—)R,xH{ z 0 r2h
T, xz=0.

We show that this function is improperly integrable on [0,00), but not
absolutely improper integrable. First, observe that f is continuous (and
in particular at 0, by the fact that lim, g w = 1). Therefore, f|o,1) is
integrable and we can focus on the interval [1,00) for the remainder of this
proof. By the properties of the sine function, the zeros of f are precisely at
2 € N*. The idea is to split the integral (think of its interpretation as area
‘underneath’ the function) into the parts (that is, integrals over sets) where
f is positive and the where f is negative. By the property of the sine that
its zeros aren’t local extrema, these sets consists of disjoint intervals. To
compute the improper integral we further split in the following way.

b
fle)de + | f(z)dx (5.1)
[b]

I.ZJ_I n+1

-

n=1 n

b
de+ [ f(z)de (5.2)
o]

sin ()

=:cy,

The last identity follows from the property that the sin changes its sign
at every zero. The sequence (¢, )nen+ is decreasing and converging to 0 as
can be seen by estimating the denominator using the integral limits and
the fact that sin is bounded. Therefore, by the Leibniz test, Corollary 2.37,

> (=1)"¢, < oco. For the second term in (5.2) we can proceed as follows.
n=1

5

_ fz)de
L]

1l 12 -
< T/ |sin (mz)|de < ——=—=0 for b— o0 (5.3)
15) [b] ™

6]

Hence, f is improperly integrable and

/loo Sm;ﬂ do = 2 (=1)"cn.

If we, instead, consider |f(-)|, then the above series can not be dealt with

with the Leibniz test. Moreover, by % > n%rl for z € [n,n + 1], it follows
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that

n+1 . n+1
sin (7
= / [sin () dx +1 / |sin (7t |dx—/|51n (x| de.
x n
n

Therefore, ¢, is bounded below by some positive constant independent of n,
whence, by the divergence test, implies that

b sin ( [b] -1
/ Z Cn + / x)| dax — oo,
1
where we used that the second term converges to 0 by (5.3). <
Proposition 5.19. Let f,g: [a,b) = R be such that

T ag|[a,a:]7 |f|[a,;17]| and |g|[a,z]|

are integrable for all x € (a,b). Then the following assertions hold.
(i) If |g| is improper integrable, then so is g.
(ii) If g is absolutely improper integrable and there exists ¢ € (a,b) such
that |f(z)| <|g(x)| for all x € [¢,b), then f is absolutely integrable.

The statements above also hold for the case of intervals of the form (a,b]
and (a,b) with the obvious modifications.

Proof. See Exercise 5.7. a

5.4 Interchanging Integrals and Sequences of
Functions

Theorem 5.20. Let a < b be real numbers and f: [a,b] — R(C). Let
also fn: [a,b] — R(C) a sequence of integrable functions which converges
uniformly to f, that is, lim, ool frn — flloo = 0. Then f is integrable and

lim fn dx—/f

n—oo

Proof. The proof is very similar in spirit to the proof that functions in
Reg([a,b]) are integrable, Theorem 5.8. We restrict ourselves to the case
where f is real-valued here. The complex-valued case follows by considering
the real and imaginary part of f separately. Let ¢ > 0 and let n € N* be
such that

sup |f(z) = fu(z)] <e.

z€la,b]
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Let P={t;|i=0,...,N} be a partition corresponding to f,. We define
step functions gy, hy: [a,b] = R by

g(@)= _inf  f(@), ha(@)= sup  f@) @€ (tigt)i=1,...,N,

z€(ti—1,t:) @E(ti_1,ts)

and g, (x) = hy(z) = f(x) for x € P. By construction, g, < f < h,, and

/ab hn(2) = gn(z) dz = /ab hn(x) — fn(z) dx—l—/ab Fal@) = gn(z) d

b
§2/ edr,
a

where we used that h, and g, are constant on each interval of the partition
and

gn(x) = fu(@) < f(2) = fulz) < [f(2) = folz)| <€
and similarly,

fo(@) = ho(2) < frlz) — f(@) < |ful2) — fl2)] <e.
Therefore, by Fact 5.4 (v), f is integrable and

b b
S/\f(x)—fn(x)\dxg/ ede=¢e(b—a). Q

a

t[ﬂm—hmmw

Theorem 5.21. Let a < b be real numbers and (fn)nen be a sequence of
fn:la, b)) = R(C), n € N continuously differentiable functions, such that

o there exists tg € [a,b] such that lim, o fn(to) =y exists and
o (f/)nen converges uniformly to g: [a,b] — R(C).
Then (fn)nen converges uniformly to a function f: [a,b] — R, which is
continuously differentiable and f' = g. In particular, it holds that
d d
lim = fu(2) =
oo dxf (@) dz

Jm ) )
Proof. This is consequence of the Fundamental Theorem of Calculus, Theo-
rem 5.11 and Theorem 5.20. First note that g is continuous as uniform limit
of continuous functions, see Chapter 3. By Theorem 5.11, ¢ — | tto g(z)dx !
defines a continuously differentiable function f on [a,b] with f' = g. Fur-
thermore, by Theorem 5.20 and again Theorem 5.11, we have for every
t € [a,b],

nszm+lﬂwmtﬁlmwmzm>

Lwith the convention ff =-— fg for f <aand [=0
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Therefore, f,, converges pointwise to f. To show uniform convergence, we
use triangle inequality for the integral, the assumption that f,(¢o) converges
to y = f(tg) as well as the uniform convergence of f! to g and Theorem 5.20,

um—nWSwwH/gw—ﬁmm<mm

to

"3, Q

sV%fn%N+/g@fﬁuNx

to

Remark 5.22. We want to discuss several aspects of Theorem 5.21.

(i) In practice, Theorem 5.21 is often applied to the following setting: We

are given a sequence of continuously differentiable functions (f,,)nen-
on an interval [a,b] which converges pointwise to a limit function f.
In order to conclude that the limit function f is also (continuously)
differentiable and that its derivative equals the (pointwise) limit of the
derivatives of the sequence, we have (in order to apply Theorem 5.21) to
show that the sequence of the derivatives (f))nen+ converges uniformly
(to some function g).
In the case where we want to interchange limits and derivatives for
sequences of functions defined on unbounded intervals or union of
intervals, we can instead try to apply the result to the restriction of
the functions to general closed subintervals as differentiability (and
continuity) is a local property.

(ii) We also note that it is possible to weaken the assumptions of The-
orem 5.21 in the sense that the f,’s can be assumed to be only dif-
ferentiable rather than continously differentiable. However, then we
cannot use the same proof technique as above, as we cannot use the
Fundamental Theorem of calculus in this more general case.

(iii) As an application of Theorem 5.21, we can conclude (what we in fact
already know by other reasoning) that the exponential function, which
we defined by the infinite sum

oo n

expla) = Y =

n=0

(which, as we have seen before, converges uniformly on any compact in-
terval by the Weierstraf test) is differentiable and the derivative equals
the exponential function. This follows by the fact that the derivative
of the partial sum Sy (z) = ZnN:() % is given by Sy _1, and hence the
sequence of the derivatives of the partial sum converges uniformly (to
exp(z)) on any compact interval. Therefore, by Theorem 5.21, exp
is continuously differentiable and thus arbitrarily often differentiable
with higher-order derivatives being exp.
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(iv) On the other hand we emphasize that in order to conclude that the
limit of a convergent sequence of differentiable functions, it is not
enough to argue by uniform convergence of the sequence (instead of
the sequence of derivatives). For instance consider the sequence of
functions given by

fulz) = %sin(nw), n € N*

defined for = € [0,1]. This sequence of continuously differentiable
functions converges uniformly to the zero function (since |sin(nz)| < 1),
but the sequence of the derivatives f/ (z) = cos(nz) does not converge
pointwise and thus neither uniformly. <+

5.5 Power series

Note that in the following we index the sequences with Ny and not N*.

Definition 5.23. Let (ax)ken, be a sequence in R (or C) and zg € R. Then

the expression
o0
k
E ar(z — 20)
k=0

is called power series centered at zy. The sequence ay’s are called coefficients
of the power series. For a power series, we define the radius of convergence

R= sup{|z — 29| € R| z € R(C), Z ar(z — zo)* converges},

k=0

which can take any value in [0, oc].? >

We have already encountered power series, e.g., in the definition of the
exponential function as well as the representations of sin and cos. In all
those cases, zg = 0 and the radius of convergence is +oo.

Example 5.24. Consider the sequence (ax)ken, given by ax = 1 for all k
and zgp = 0. Then the corresponding power series

00
>
k=0

converges, by what we know about geometric series, Chapter 2, for —1 <
2 < 1 (or, in the complex case, for all € C with |z| < 1) and diverges for

2Note that the supremum defining R always exists in [0, co] as the series converges for
z = 20.
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all other values x. Therefore, the radius of convergence is 1.
If we instead consider the example

=1
2 i

it is not hard to see by the divergence test and the Weierstrass test, that
the series converges for all € (—1,1) and diverges for all « with || > 1 or
x = 1. However, for z = —1, the series converges by the Leibniz test. <+

Proposition 5.25. Let > po  ax(z — 20)* be a power series with radius of
convergence R. Then
(i) Vz€R : |z— 20| > R = > 7o ax(z — 20)* diverges
ii) Vr € (0,R), 370 ar(z — 20)F converges uniformly and absolutely on
k=0
{zeR:|z—2| <7}
(iil) 2+ Ypegan(z — 20)*

(iv) R € [0,00] and

is continuous on (—R + zp, 20 + R).

1

hm Supn%oo n\/ |(Ln|

. . 1 _ 1 _
(with the convention that 5 = co and — =0).

R

Furthermore, R = limj,_ o %, if that limit exists in R U {oo}.

Proof. The first assertion follows directly from the definition of the radius
of convergence.

We explain the proof of the second statement in the case zg = 0. The
general case follows analogously. Let r < R and choose w € R with
r < |w| < R such that Y ;2 arw® converges, which exists by definition of
R. Clearly, the sequence defined by apw® (in the index k) converges (to
0), which in particular implies that the sequence is bounded, that is, there
exists C' > 0 such that |apw”| < C for all £ € Ny. Let z € R such that
|z| <r < |w|. Then

k
w

k k|| #
apz”| = |lagw”| | —
] = o | 2
Since | £| < 1, it follows that 7 ) M}, < co, whence, by Weierstrass test,
Theorem 3.30, Y72 axz” converges absolutely and uniformly on [—r,r].

The third assertion follows directly from the second by Theorem 3.24.

. . 1
To see the fourth assertion, let first z € R with |z| < Y ek

Then
limsup v/|ax| < 1,

k—o0
which, by the root test, Theorem 2.32, implies that > - arpz® converges.
Thus
<R.

lim supy,_, oo v/|ax| —
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Suppose this inequality was strict. Then we could choose z € R with

< |z| < R.

1
lim supy,_, oo v/|ax|

By the second assertion of the proposition, we then would have that
S0 o axz® converges, while

limsup {/|ax2*| = |z|limsup {/|ax| > 1.
k—o0

k— o0

Again, using the root test, we would conclude that ZZO:O apz® diverges,
which is a contradiction. d

Lemma 5.26. Let (a¢)een+ be a sequence in R. Then
lim sup v/|a¢| = lim sup v/£|ay|,
£—00 L—00
where we allow the value +oco.

Proof. See Exercise 5.36. a

Proposition 5.27. Let Y 7~ ax(z — 20)* be a power series with radius of
convergence R. Then the power series

Z kE+ 1ags( z—zo)k
k=0

has the same radius of convergence R and the function

f: (—R+ZO,ZO+R)—>R,z»—>2ak(z—zo)k

k=0
1s differentiable with
F1(2) = S0+ Daga (= — 20)"
k=0

Moreover, f € C*°(—R + 29, 20 + R) with
= (k+m)!
po) =3 B e )
k=0

where the radius of convergence equals R as well. In particular, f(m)(zo) =
m! a,,.
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Proof. We first show that the first assertion (the differentiability), the
higher-order differentiability follows by induction.

The statement is an immediate consequence of Theorem 5.21 applied to
every interval [—r + zq, 20 + 7], 7 € (0, R) to the sequence of polynomials

n

fn(z) = Zak(z - Zo)k, n € N*

k=0

and Lemma 5.26 (with ¢ = k£ + 1). In fact, the derivatives f;, converge
uniformly to f[_y4zy 204r] OD [=7 + 20, 20 + ] by Lemma 5.26 and Proposi-
tion 5.25 (iv). a

Remark 5.28. We give a brief outlook on the extension of the preceding
considerations to complex-valued arguments and on the related notion of
analytic functions.

(i) We note that power series can (as indicated above) be defined for
complex values z. Indeed, the theory of power series is even more
“important” in the latter case, which will be discussed in full detail in
the course “Complex analysis” (also called “Complex Function Theory”).

(ii) A function f: (a,b) — R is called (real-) analytic (on (a,b)) if
V2o € (a,b) I(ar)ren, € R Je,d € R with ¢ < 29 < d :

Vz € (¢,d) : f(z) = Zak(z — 2)*.
k=0

In other words, f is called analytic if at every point in its domain, the
function can be locally represented by a power series. Such a function
must be arbitrarily often differentiable and for each zo € (a,b), the
coefficients sequence (ag) is uniquely determined, Proposition 5.27.

The corresponding notion of “complex analytic functions” is the corner
stone of complex analysis mentioned in the first item of this remark. <>

Proposition 5.29 (Products of power series). Let Y~ arz® and > po  bpz®
be two power series converging on some interval (—r,r) with r > 0. Then

o0

Z cr(z — zo)k

k=0
with
k
Cr = Zan—kbka ke N*a
n=0

converges and equals f(x)g(x) for all x € (—r,r).

Proof. Skipped. d
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5.6 Exercises

Exercise 5.1. Show that f: [0,1] — R piece-wise given by

f@) = %, forxe(zn%,%},nENo,
0, forz=0,
is integrable on [0,1], that is, the lower and upper integral coincide. <+

Exercise 5.2. Let f: (a,b) — R be continuous. Show that
d
f=0 — /fdsz Ve,d € (a,b), ¢ <d. <
C

Exercise 5.3. Let f: R — R be continuous, and 1-periodic, i.e., f(x+1) =
f(x) for all z € R. Show that f is bounded (on R) and show that for every
aeR

1 a+1
de = dz . Na
1@ as / /() de

Exercise 5.4. Let f: [-1,1] — R be given by f(z) := v/1 — 22. Calculate
the anti-derivative of f. Finally, calculate the integral

1
/ V1—22dx.
-1

Hint: Use the trigonometric functions and substitution. <+

Exercise 5.5. Show that the limit

. “ 1
v = nILH;o (Z 7~ ln(n)>
k=1
exists. This number is called Fuler—Mascheroni constant. <>
Exercise 5.6. Consider the function f: [0,1] — R given by

_)sin (%) , for z #0,
f) = {0, for x = 0.

(a) Show that f is integrable.

(b) Show that f is not the uniform limit of step functions (that means,

f ¢ Reg([0,1])). <

Exercise 5.7. Let a < b < oo and f,g: [a,b) — R such that f and g are
integrable on every compact subinterval of [a, b).
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(a) Show that if ¢ is absolutely improperly integrable, then g is improperly
integrable.

(b) Show that if |f(z)| < |g(z)| for all € [a,b) and g is absolutely
improperly integrable, then f is also absolutely improperly integrable.

<>

Exercise 5.8. Let f,g: [a,b] — R be such that f is continuous, g is
integrable and g > 0. Show that

(a) fg is integrable,

(b) there exists a £ € [a, b] such that
b b
| f@g@)dz = 1) [ g(a)da. o

Exercise 5.9. Calculate the anti-derivative of f for f given by:

(a) flz) = ﬁ (b) f(z) = 22 exp(—),
© 7=t @ )= S2EL

Exercise 5.10. Show that the following improper integral converges abso-

lutely: .
]
/ n(z) dz.
o 1+22

Moreover, show that

400 1
/ n(x) dz = 0. <
0 1 + l'z

Exercise 5.11. Calculate the improper integral

2

/e ! dx . <
e xln(z)y/In(In(z))

Exercise 5.12. Let n,m € Z. Show

1 27

), exp(inz) exp(—imz) do = 0p m,

where d,, ., is the Kronecker delta, i.e.,
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Exercise 5.13. Calculate

x
—dx <>
/0 Vi+zx

Exercise 5.14. Check whether the following improper integrals converge
absolutely:

+oo 14+2x / x\/l—x

(a) ———dx, <>

o Vr(l+a?)

Exercise 5.15. Show
nh_{rolozm(\/ﬁ) —In(n) = -1
k=1

Hint: Use the fundamental theorem of calculus on intervals of the form
[X,1]. <+
Exercise 5.16. Use the fundamental theorem of calculus to find an ¢ € N*
such that N 5

dr=r b

nt

converges to a limit z € (0, +00) as n — oo.

Conclude that this suggests that there is a polynomial p of /! degree, i.e.,
p(z) = Y¢_, iz’ such that

> K =p(n). (5.4)
k=1

Set up a system of linear equations for ag, . . ., as to find this polynomial (you
may use software to solve this system). Finally, verify (5.4) by induction. <>

Exercise 5.17. Let f: (a,b] — R be such that f is integrable on [¢, ] for
every ¢ € (a,b] and lim, 44 f(z) = +00. Show that

/abf(x)dx /abf(x)d:r

where we extend the lower integral to this situation by

b n
/ f(x)dz =sup { g (t; —ti—1) inf  f(x)
Ja P} x€(ti—1,t;)

Note the only difference is that we allow functions that are unbounded from
above, i.e., that value of f; f(z) dz might be +o0.

Hint: Distinguish the cases: f is improperly integrable and f is not improp-
erly integrable. <+

(t;)ie, partition of [a, b]}
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Exercise 5.18. Let f: [0,1] — R be bounded and nonnegative, P a partition
of [0,1] and n € N*. We define

SN =32r(5) wa srn= 2 (B )
k=1 1
L E)=0

=
Il

PNl

|

(a) Show that [S,(f) = SE(f)| < 2|P||[flloct (where |P| denotes the
number of elements of P).

(b) Show that SP(f) < Up(f).

(c¢) Conclude that for every e > 0 there exists an nyg € N* such that
Sn(f) <Up(f) + ¢ for all n > nyg. -

Exercise 5.19. Let a,b € R such that a < b. Calculate

b
lim sin(%ac2 + x) dx. <>

n—oo a

Exercise 5.20. Calculate

1 2

2nx
li ——————dz. <>
oo o (I4+a?)(nz+1) v

Exercise 5.21. Let f: R — R be uniformly continuous and (gn)nen-
be a sequence of functions g,: (a,b) — R that converges uniformly to

g: (a,b) = R (where a,b € RU {—00,00}). Show that then also (f o g,)
converges uniformly to f o g. <+

Exercise 5.22. Calculate the radius of convergence of the following power
series

00 oo k+1
n 1
) 3 K 33 L o
k=0 k=0j=1 J

Exercise 5.23. Let f: [0,+00) — R be a continuous function such that
lim, 0+ f(2)/x exists. Show that the sequence (f,)nen+ given by

nzx f(r)
nr+1’

f’n(x) =

x>0,

converges uniformly to f on [0,1]. Give an additional, sufficient condition
such that (f,) converges uniformly to f on [0, +00). <>

Exercise 5.24. Show that the engineering substitution rule for integrals is
mathematically justified.

Hint: Note that the rule is only vaguely defined. Hence, one difficulty is to
find a proper formalism for the rule. <>
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Exercise 5.25. Let f: [0,1] — R be an integrable function. Show

n—oo

1
lim S, (f) = /O F(x)da,

where S, (f) is defined in (5.5).

Hint: Let B denote the set of all partitions of [0,1]. Use Exercise 5.18 to
conclude

VP ePVe>03ng e NVn>ng : Su(f) <Up(f)+e

also for bounded f: [0,1] — R that are not necessarily nonnegative. Use
this to show

VP ePBVe>03ng e NVn>ng : Lp(f) —e < Sp(f),

i.e., there is a short argument that does not need to repeat an analogous
version of Exercise 5.18. <

Exercise 5.26. Let n € N* and f,: [0,00) — R be given by f,(z) =
ny/z exp(—nz?) and C > ¢ > 0. Calculate

C
lim fn(z)de.

n—oo e

Moreover, calculate
c

lim fn(z)de.

n—oo 0
Hint: For the second limit find a triangle that is below the graph of f,, whose
area grows for n — oo. <+
Exercise 5.27. Calculate

1

1
nh_)rgo e exp(x?) dz. <>
Exercise 5.28. Calculate
s
lim cos (exp(fn(x - %)Q)z) sin(z) dz . <>
n—oo 0

Exercise 5.29. Let n € N* and f,: [0,400) — R be given by f,(z) :=
nz? exp(—z?n). Calculate

lim fn(z)de.

n— oo 0

Hint: Argue first for [ f,(z)dz for € > 0. <
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Exercise 5.30. Calculate the radius of convergence of the following power
series

ek ek = (2k
() 3 o 3 () -0 o
k=0 k=0
Exercise 5.31 (The integral approach to the logarithm). Let F': (0, +00) —
R be given by
1
F(x) = / —dt.
1t
Pretend to not know the logarithm. Show (without using the logarithm and
its implications) that
(a) F(xy) = F(z) + F(y) for z,y € (0, +00),
(b) F(z%) = aF(x) for z € (0,4+00), a € R,
(¢c) F(exp(z)) =x for z € R.

Note that you cannot use %xo‘ = az®~! for general o € R as this was

derived using the logarithm. In particular for this example we define z® for
x> 0 by: Let (gn)nen be a sequence of rational numbers converging to «,
then we say z® = lim,,_, o, 29". (You don’t have to check that is a consistent
definition.) <

Exercise 5.32. Show that

— (-1
arctan(z) = ZO 2(n+)

n
[ el <

by writing 1/(1 + 22) as a geometric series and by integrating. <

L1

Exercise 5.33. Consider the power series f(z) = ;- =

(a) Find the radius of convergence.
(b) Determine all values z € R for which the series f(z) converges.

(c) Find a closed form expression (without infinite sum) of f(z).

Hint: You may want to differentiate or integrate f. <

Exercise 5.34. Let f(z) = > 7 ar(z—x0)* and g(x) == Y pey br(z —20)"
be power series with positive radii of convergence. Show

[35 >0 Ve € Be(ao) : fla) = g(z)] — [Vk €Np : ap = bk]

Recall that B, (o) == {z € R | [z — zo| < r}.
Hint: Consider f(™(xq) and ¢(™ (). <>
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Exercise 5.35. Consider the following power series:
(o]
S(z) = Z kak—2
k=2

(a) Find the radius of convergence and the largest set D C R where the
series converges.

(b) Find a closed form expression for S: D — R. <

Exercise 5.36. Let (ag)ken+ be a sequence in R. Show that

lim sup {/|ax| = limsup {/k|ax|,
k—o0

k—o0

where we allow the value +oo.

Hint: Use that limj_o ¥k = 1 and the characterization that the limit
superior is the largest partial limit of a sequence, see Theorem 2.25. <+

Exercise 5.37. Let f(z) =Y -, ax(z — 20)* be a power series with radius
of convergence R > 0 and (z,)nen be a sequence in Bg(zg) \ {zo} that
converges to xp. Show that

[VnEN 2 f(xn) :0} = [VxEBR(xO) . f(x) :O]

Conclude that two power series coincide, if they coincide on a set that
contains a limit point (accumulation point) in Br(zo). >
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Chapter 6

Differentiability of functions
in several variables

6.1 Preliminaries

We collect(recap) several facts about sequences in (R?,ds) and more general
normed spaces (X, ||]|), which we will need in the rest of this chapter.

Definition 6.1. Let X be a vector space (over R or C) and let ||-||: X —
[0, 00) have following properties for all f,g € X, c € R:

(i) |Ifll =0 <= f =0 (positive definiteness),

(i) |lefll = lelll f]l (absolute homogeneity),

(i) I/ + 9]l < I/l + lg] (triangle mequality). o

We call ||-]| a norm on X and (X, ||-||) a normed space. Furthermore,

d: X x X = [0,00),d(z,y) = ||z — y||, x,y € X, defines a metric on X, the
so-called induced metric of a norm. Therefore, we will, without explicit

mentioning, consider a normed space as metric space with that metric.
The most important normed space of this chapter is given by (R?, ||-||2),

where
P 1
2
zll2 = <Z$12> for z € RP.
i=1

In fact, it has to be shown that ||-||2 indeed defines a norm.

Proposition 6.2 (Cauchy-Schwarz and Minkowski). Then for x,y € RP
(or CP),

< |lzll2llyll2 (Cauchy—-Schwarz inequality)

o [yl = | Shos wa
o |lz+yl2 <llzl2+ lyllz (Minkowski inequality)

105
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More generally, both inequalities hold for normed spaces arising from inner
product spaces (X, (-,+)) where ||z|| = /{z,z) for x € X.

Proof. The Cauchy—Schwarz inequality was shown for more general inner-
product spaces (over the field R or C). The Minkowski inequality is a simple
consequence from Cauchy—Schwarz:

lz+yl* = (z +y,2 +y) = l|2[I* + lyl* + 2Re(z, y)
<l ll* + llyll* + 2l [yl

Using the binomial formula on the right-hand-side and taking roots on both
sides finishes the proof. d

Fact 6.3. We collect some facts about convergence and continuity in RP.

(i) (RP,ds) is a normed space and a sequence (Ty)nen+ in RP (a sequence
of wvectors/points) converges to a limit x € RP if and only if each
component sequence converges to the corresponding component of x,
that is

Vie{l,...,p} : lim z,,; ==z,

n—oo

where for each i the limit is understood in the metric space (R,ds)
(that is, |T,,; —x;] = 0 asn — o0). We also say that the sequence (xy,)
converges component-wise to x. This statement is a direct consequence
of the inequalities

Yy € R? : max |y <|lylla </p max |y].
i=1,...,p i=1,...,p

(ii) The previous point particularly shows that a function f: D C RP — R™
is continuous (with respect to the metric dy for both spaces) if and only
if for every sequence (x,) in D which converges component-wise to
some limit x in D, the sequence (f(x,)) converges component-wise to
f ().

(iii) Let (X,d) be a metric space. A function f: X — R™ is continuous
(with respect to the standard metric on R™ ) if and only if the com-
ponents fi: X = R, i=1,...,m, of f are continuous, where, more
precisely, f; =m; o f, with m;: R™ - R,z — x;.

Example 6.4. We give several example for continuous functions of multiple
variables.

(a) The functions adds: R? — R,(z,y) — x + y and multy: R? —
R, (x,y) — zy are continuous and hence, by Proposition 3.8, also
add,: R? — R,z +— > ¥ xp, multy,: R? - R, z— [[1_; 2.

(b) f: R? — R given by f(z,y) = 23 -e¥ + tan(zy) is continuous as
composition of continuous functions, including the ones from the first
example.
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(c) The function f: R? — R given by

Ty

flzy) =4 2> +y*
07 if ('r7y) = (070)7

) # (0, 0) as composition of continuous
0,0) has to be considered separately.
€ N*, whence f cannot be continuous

is continuous at every point (z,y
functions. The point (x,y) = (
Note that f(1,1) =1 foralln
at (0,0).

(d) Note that if we instead of the function in (c) consider the function

ny .
g y) = 2+ 2 if (z,y) # (0,0),

0, if (z,y) = (0,0),

then the function is continuous at (0, 0) since

Ty 1
o) < o272 < ik 0

.'1,'2 + y2 -
as (z,y) — 0. See the tutorials for several examples of this form.

(e) The function f: R® — R3, (z,y,2) — (22, 2yz,2) is continuous since
every component function is continuous as composition of continuous
functions.

(f) Let (X,dx) and (Y,dy) be metric spaces and let f: X — Y. Assume
that there exists a constant C' > 0 such that for all z,y € X it holds
that

dy (f(x), f(y)) < Cdx(x,y).

Then the function is continuous which follows directly from the defi-
nition of continuity. We say that f is Lipschitz (continuous). In the
case of normed spaces X and Y, this condition rewrites to

IC>0Vr,ye X« |[f(x) = f@W < Clle -yl @

We define an important class of continuous functions from RP to R™.

Definition 6.5. Let X and Y be normed spaces over the same field (R or
C). A linear mapping T: X — Y is called bounded if

3C>0vVz e X : ||T(2)|ly < Cllzlx.

The set of bounded linear operators from X to Y is denoted by £(X,Y).
The smallest constant C' for which the above inequality holds is called the
operator norm of T. <>
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Proposition 6.6. Let X and Y be normed spaces and T: X — Y linear.
Then the following assertions are equivalent.

(i) T is bounded;
(ii) T is continuous;
(i) T is continuous at 0 € X.

Furthermore, every linear mapping T: RP — Y is bounded and thus continu-
ous, where RP is considered with the standard norm ||+||2.

Proof. If T is bounded, it is easy to see by linearity that T is Lipschitz,
see Example 6.4 (f), and thus continuous. Trivially this implies that T is
continuous at 0. Let us now assume that 7" is not bounded. Therefore, there
exists a sequence (Z,)nen+ in X \ {0} such that

1T (@)l > nllzall <= [T(ya)ll > 1

for all n € N*, where y,, = n. Here, we used the properties of the

_1 .
nl||lxy
norm and linearity of 7. Now humntOO yn = Ox, while T'(y,,) cannot converge
to Oy = T(Ox)

To show the second statement, let (e;)?_; denote the canonical basis
of RP. Then write z = Y_¥_ x;e; for € RP. By using linearity, triangle
inequality (multiple times) and Cauchy—Schwarz, we derive

1T ()] = || (Z ;T (e;) )

1
where C'= (37 |T(e;)||*) ?, which shows that 7" is bounded. a

P

z il [T(ed)| < Cllz|2,

Remark 6.7. Later (in Analysis 3), we will show that in the above state-
ment (R?, ||-||) can be replaced by any finite-dimensional normed space
(X, |I'llx). In other words, any linear mapping 7: X — Y, for a finite-
dimensional normed space X and a general normed space Y is bounded and
thus continuous. <+

6.2 Directional derivatives and differentiable
functions

In the following functions f will be typically defined on an open subset
D of RP or, more generally of some normed space X, and map to R™,
or, more generally to some normed space Y. Note that the vector space
structure (besides the metric) is crucial here to define the upcoming concepts.

We first note that it is not hard to generalize the notion of a derivative
for functions f: D C R — R™, by considering the component functions,



6.2. Directional derivatives and differentiable functions 109

and noting what has been said in the first section of this chapter. In the
following one may freely choose X = RP and Y = R™, or even for p,m € N*
or even m = 1 to get acquainted with the following notions.

First recall the following notion generalizing bounded, open intervals

Definition 6.8. Let (X, d) be metric space. A set M C X is called open
(in the metric space (X, d)) if for every & € M there exists r > 0 such that
By(z) ={ye X |d(z,y) <r} C M. <>
Definition 6.9. Let X and Y be normed spaces, D C X be an open set
and z € D. Let f: D =Y be a function. For v € X \ {0}, we say that f

has a derivative in direction v at x, if there exists an L € Y such that
1
E(f(x+hv) — f(z)) = LinY as h — 0.

In other words, L = limj,_,o + (f(z+hv) — f(z)) exists as limit in the normed
space Y. We call

0 .1
Sof(@) = L = lim = (f(x + hv) = f(2))

the directional derivative in direction v at . We consequently say that

e fis Gateauz® differentiable (or directional differentiable) at x if f has
a directional derivative in the direction of v for all v € X \ {0};

In the case that X = R? (with the standard norm/metric), we say that
e f is partially differentiable at x if the directional derivatives in the

direction v = e; exist for all i = 1,...,p. Here e; denotes the i-th
standard basis vector of R?. When denoting the components of x by
Z1,...,Zp. We use the common notation

af 0 9]

@)= g f@) = s f@eY.  i=l.p

and call these the partial derivatives of f at x.
If additionally Y = R™, m € N*, the matrix

@) @ ... @
df
a(x) = :
Yo@) Y@ . Y
is called the Jacobi matriz or Jacobian of f at x. If even m = 1, the
vector of
371(@
d T of (4
(grad f)(x) = (dim) — |7 ew
o ()

1René Eugéne Gateaux 1889-1914 a french mathematician, killed on the battle field
during the first world war at the age of 25.
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is called the gradient of f at x.

We say that f is Gateaux differentiable (or directional differentiable or
partially differentiable if f is Gateaux differentiable or partially differentiable
at every point x € D, respectively. <+

Remark 6.10. We remark that the notion of Gateauzr differentiable is not
consistently used in the literature. <

Fact 6.11. In the general setting of the above definition, we make the
following observations.

(i) Since D is open, there exists r > 0 such that B,(x) C D. Since for
every v € X \ {0}, limy_,otv = 0 (the zero element of X, as a limit
in X ), there exists tog > 0 such that x + tv € B,.(z) C D for all
t € (—to,to). Therefore, the directional derivative %(m) exists if and
only if the function

fo: (—to,to) = Y t = f(z +tv)

is differentiable at t = 0 in the analogous sense as defined in Chapter 4,
that is,
1
lim — 0+h)— f,(0
Jim - (£,(0+ h) ~ £,(0)
exists as a limit in Y.

(ii) For X =RP and Y = R™ equipped with the standard norms (metrics),
the partial derivative %(9:) of f, for somei =1,...,p exists if and only
if the function y — f(x1,...,Y,...,xp) is differentiable at y = z;. In
other words, we “freeze” all other variables of the function and consider
whether the function in the remaining variable is differentiable.

By Fact 6.3 (and analogously to continuity), it moreover suffices to
consider the component functions fr: RP — R, k=1,...,m separately,
when investigating whether f is differentiable.

(iii) If X = R = Y with the standard metric, then the the notion of
directional derivative (in any direction) coincides with the derivative
we have already seen in Chapter 4.

Example 6.12. We give a few examples for partially differentiable functions.

(a) Let f: R? — R be given by f(z,y) = xsin(y). Then the partial
derivatives of f exist at any point (x,y) in R? because z + x sin(y)
as well as y — xsin(y) are differentiable for fixed y € R and € R
respectively.

(b) For the function f from Example 6.4 (c), the partial derivatives exist
for every point (x,y) # (0,0) by the above fact since at those points
the functions f(-,y) and f(z,-) are differentiable as composition of
differentiable functions. As before, the point (z,y) = (0,0) has to be
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considered separately. These exist and equal 0 since

of 1

D (0O)f}lgrm(f(0+h,0)ff(0,0))fhmh(O 0) =0,
and

of 1 B

ay(O0)—}{51})5(f(0’0+h)—f(0,0)) }ng})h(O 0)=0.

Note however that for v = (1,1)7, the directional derivative

of o 1 h?
55 0:0) = lim =(f (R, k) = f(0,0)) = lim - 75 = 00

does not exist.

(¢) For the function g from Example 6.4 (d), the directional derivatives
at (0,0) in any direction v = (vy,v9)T € R?\ {(0,0)} indeed exist and
equal

of

%(07 O) =

Ulv%

2 2"
vy + v3

(d) Looking at the previous two examples one may wonder whether conti-
nuity implies the existence of all directional derivatives (hence Gateaux
differentiability). As we have already seen in Chapter 4, continuity does
not imply differentiability for functions f: D C R — R. However—
and in contrast to what we have seen in Chapter 4 for functions
f: D C R — R—the existence of all directional derivatives at some
point does not imply continuity at that point. A counterexample is
given by h: R? = R,

xy’ )
h(x,y): mv 1 (x7y)7é(070)7

0, if (x,y) = (0,0),

which is discontinuous at (0,0) but its directional derivatives exist at
(0,0), in partlcular (O 0) =0 for all v € R?\ {(0,0)}. <

Definition 6.13 (Continuous partial derivatives). Let D C RP open and
f: D — R™ be partially differentiable. If all partial derivatives

of . m of L
8xi.D—>R ,am—)axi(x), i=1,...,p,

are continuous (as functions from (D, ds) to (R™,ds)) (at some x € D), we
say that f has continuous partial derivatives (at x € D). <

Example 6.14. The following examples demonstrate properties that arise
specifically in multivariable differentiation.
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(a)

6. Differentiability of functions in several variables

The function f: R? — R (see Exercise 6.1)
w22 ’

Fz,y) = my if (z,y) # (0,0),

0, if (z,y) = (0,0),

is partially differentiable on R? as composition of differentiable func-
tions (in one variable) with

af B 2y? af B
%(x,y)*ma aiy(x’y)i
for (z,y) # (0,0) and since for (x,y) = (0,0)

of _of B
5. (0:0) = a—y(o,())_o.

In order to check for continuous partial derivatives, we have to check
if the functions

2ty
(22 + 12)2

2 4
of | @) #0,0)
8:17 07 lf (,’E7y) = (0,0)7
and
2 4
o _ | @) £ 0.0,
8y Oa lf (I7y) = (O,O)7

are continuous. This is clearly true at any point different from (0, 0)
as composition of continuous functions. To discuss (0,0), we note that
by 2xy < 22 + 32, we have for all (x,y) # (0,0),

‘ v°|
— ‘%2 + y2

2xy
(22 + 12)2

<lyl,

where we used that 22 + y? > 32 in the last step (in the denominator).
This shows that % is continuous and the argument for % follows

analogously.

The function g from Example 6.4 (d), see also Example 6.12 (c) is
partially differentiable. However, it can be shown that that the partial
derivatives are not both continuous. Recall that in this example, as
mentioned in Example 6.12 (c), all directional derivatives exist. <

Definition 6.15 ((Total/Fréchet) differential). Let (X, ||-||x), (Y, ]]-]|yv) be
normed spaces (over R), D C X open and = € D. A function f: D — Y is
called (totally /Fréchet) differentiable, if there exist

r > 0, a function ¢: B,.(0) — Y and a bdd. linear mapping A € L(X,Y)

such that
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e B,.(z) C D and limy_,0 nex Hdﬁ(h”)l\y — 0, and

e Vh € B,.(0) : f(x+h) = f(z)+ A(h) + ¢(h) or equivalently Vy € B,(z) :
f) =f@) +Aly—z) + oy —z)

In this case we call df(x) := A the differential of f at x. If f is differentiable

at every point x € D, we say that f is differentiable. <+

Proposition 6.16 (Properties of df). Under the general assumptions of
Definition 6.15 let f: D —'Y be differentiable at x € D with df(x) = A €
L(X,Y). Then the following assertions hold.

(i) f is Gateauz differentiable at x € D and

3f

Vo e X\{0} : Fh(2) = A(v),

Therefore, df(x) is well-defined.
(ii) f is continuous at x.
(iii) If X =RP, then the linear mapping df(x) is uniquely determined by
the partial derivatives of f and %(w) = A(ej) forallj=1,...,p
If additionally, Y = R™, then df(x) can be represented by the Jacobian
df]:(x) € R™*P j.e.,

d
m (g ha
df(z)(h) = (d‘;c(x))- : ei,  VheERP,
i=1 hp :
and
q ((df(@)(er));  ((df(z)(e2)); ... ((df(z)(ep)),
To=|
dz

(@f@) ), (@f@)e2), - (@),

and where (hq,. .., hp)T 1s the coefficient vector of h with respect to
the canonical basis (e;)™, of R™, that is, h =Y .- hie;. With some
abuse of notation (by identifying vectors with their coefficient vectors
with respect to the canonical basis), the former identity can be rewritten

) A = (L)

(iv) Let also g: D — Y be differentiable at x. For A € R the function
A + g is differentiable at x and

d(Af +g)(x) = Adf(z) + dg().

If f and g are continuously differentiable (see definition below), so is
Af+g.
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Proof. To show the first assertion, let v € X'\ {0} and consider the mapping
for (=) =Y, f(t) = f(z+tv), t € (—to, to) for » > 0 from the definition
of the (total) derivative. Then tv € B,(0) and

i o(tv)

L UR0) ~ F0) = 1 (F(a o) — F(&)) = 1 (Alt) + 6(10)) = A)+ 25

Since v is fixed, the last term converges to A(v) € Y as tv — 0 (in X) by
the property of ¢. Thus, g—{)(x) = A(v). Hence, A is uniquely determined by
the directional derivatives (as they all exist), which implies that df(z) = A
is well-defined (not other B can exist such that B is the derivative of f).

To see (ii), consider

1f () = f@)lly = [[Aly — 2) + oy — )y < [|Aly —2)lly + [[o(y — 2)lly

for y € B,.(x). Note that as limj,_o % =0, also lim,_,¢(y—z) = 0. Fur-

thermore, since A is linear and bounded, thus continuous, by Proposition 6.6,
we have that [|[A(z — y)|| = ||A(z) — A(y)|ly — O for ||y — z||x — 0 in X.
Thus f is continuous.

The third assertion is trivial from the first, by plugging in the canonical
basis vectors for v and noting that a linear mapping on a finite-dimensional
space is represented by its action on basis vectors.

The linearity of the differential, item (iv) is left as an exercise. a

Fact 6.17. Let us collect the following observations.

(i) If a function f: D —'Y is differentiable at a point x, the mapping

L(x) v#0x

XYoo
OY ’U:OX

is linear and bounded. This is a direct consequence of Proposition 6.16
since the mapping coincides with df(z).

(ii) For normed spaces (X,||-||x) (over F € {R,C}) and (Y, ||-|ly), the
set L(X,Y) defines a vector space (over F) which is normed by the
operator norm

T(x
”TH[,(X,Y): Sllp M

, Tel(X)Y).
z€X\0 ]l x

(it is a simple exercise to show that |||z (x,yy indeed defines a norm,).

(iii) For X =R (and Y = R) (with the standard norms), the notions of
“partial differentiable, Gateauzx differentiable” and “(totally) differen-
tiable)” all coincide. In the general case, we emphasize the difference
in the mathematical objects: While a partial or directional derivative of
a function at some point is an element of Y, the total derivative at that
point is a linear, continuous mapping. This “distinction” will again be
prominently present when considering “higher-order derivatives” soon.
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By Fact 6.17, £(X,Y) is a normed space and thus has an induced metric.
Therefore, for a differentiable function f: D — Y, we can ask whether
x +— df(z) is continuous.

Definition 6.18. Let X,Y be normed spaces (over R), D C X, z € D.
A differentiable function f: D — Y is called continuously differentiable at
z € D if the function

df: D — L(X,Y),z — df(x)

is continuous at z, where £(X,Y") is equipped with the operator norm

T
|T|lzx,yy = sup 1T (2)|ly

, TeLl(X)Y).
zeX\0 [l x

We say that f is continuous differentiable, if it is continuously differentiable
at every x € D. e

The following result is very useful in order to check differentiability by
investigating partial derivatives only.

Theorem 6.19. Let D C R? open, and f: D — R™. Then f is continuously
partially differentiable if and only if f is continuously differentiable.

Proof. We write down most of the proof for the general case, where f: D —
Y and specify Y = R™ at some point.

[=]: We first assume that f has continuous partial derivatives and show
that f is differentiable. Let x € D. We define, for v = (vy,...,v,)T € R?,

A(v) = ZviAei = Zvlg—mf(m) €y, (6.1)
i=1 i=1 ‘

which clearly defines a linear mapping from RP to Y, and hence A € L(RP,Y),
by Proposition 6.6. Furthermore, set

¢: Br(0) = Y, h = f(z+h) = f(z) — A(h), heB.(0)\{0}

where r is chosen such that B,.(z) € D. We aim to show that limj_,¢ % =

0. For j € {1,...,p} define z; ==z + 25:1 h;e; € RP. Then, by a telescopic
sum, and (6.1), we have

p ~ ~ af
o) = Y- (1@5) = 1350 - by ).
j=1 ’
which, by triangle inequality, yields
G S PP i
e < Tl 2| @) — f@) — b @) 62)

=1
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Because of &; = T_1 + hje;, we can rewrite the terms in the sum using the
Fundamental Theorem of Calculus applied to the continuously differentiable
functions

[=r/2,7/2] = Y, s — f(Z; + sej),

so that
of hof

Fasa+hyes) = ) = hygw) = [ 2+ se) = fh@as.
J J

In fact, we have only proved the Fundamental Theorem of Calculus Theo-
rem 5.11 for scalar-valued functions in Chapter 4. However, it is easy to
see that this readily generalizes to functions f: [a,b] — R™ (or, even more
general, f: [a,b] = Y). Therefore, using triangle inequality of the integral,

of

|11+ o) = 1350 - g
J
0
S/O afj(wg—i—sej) 89£(x) ds < |hy| My,

where My, = SUDse(0,h,] || %(ij+sej)—%(a:)||y. Note that limp,, o My, =
0 for every j = 1,..., psince the partial derivatives are continuous. Therefore,
with (6.2),

le(Wlly 5~ 17yl -
Mhi < th—>0 for ||h|| — 0.
BB Z||h||2 | E ’

This shows that f is differentiable at x for every € D. To see that
x +— df(z) is continuous, let v € X \ {0}, =,y € D and consider

ldf(z)(v) — df(y)()| = Zvi (gi( 3:&

Jj=1

2

of of

<ol | D] (@) - 52

(y)

= Y
where we used (6.1), triangle inequality for normed spaces and Cauchy—
Schwarz. Since f has continuous partial derivatives, each term in the sum
goes to zero and thus the sum. This shows that

14 (@) — df @) ey 2 sup 1@ = dF@))I
T e V]2

—0asy —x,

which shows that df is continuous.
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[<]: The converse direction is left as an exercise. a
Theorem 6.20 (Chain rule). Let X,Y,Z be normed spaces, Dy C X, D, C
Y openand f: Dy CX =Y, 9: Dy CY = Z und x € Dy such that

o f(Dy) € Dy,

o f is differentiable at v and

e g is differentiable at f(x).
Then g o f is differentiable at x and

d(go f)(x) = dg(f(x)) o (df(x)).

Proof. By definition of differentiability, there exists balls B,(z) C X and
B, (f(z)) CY and error functions

¢p(h) = f(z +h) = f(x) —df(z)(h) (6.3)

¢g(h) = g(f(2) + ) — g(f(x)) — dg(f(x))(R)

defined for h € B,.(0x) C X and he B, (0y) C Y respectively. Since for
h — 0x (in X), we have that df(z)(h) + ¢¢(h) — Oy in Y, it follows that
(set h =df(x)(h)+ ¢¢(h) in the second identity above)

g(flz+ 1)) —g(f(2))
W (@) + @) + 611 ~ 9(72)

=h

2 dg(£(@)) (A (@) (h) + 65 (R)) + b (AF (@)(R) + 65 (R)
= (dg(f(@)) 0 df(2)) () + o (h),
where
D407 (h) = dg(f (@) (95 (1) + 6, (AF (@) () + &5 (h)):

It remains to show that W — 0 as h — 0x. For the first term, we
have by the definition of the operator norm,

1dg(f (@) (@5 (M) < [ldg(f (@)l ccx.lldr (Bl x-

For the second, we note that

[6g(df (z)(h) + ¢1 ()
1df (z)(h) + &5 (h)|ly

and that [|df(z)(h) + o (R)lly < ldf (@)llcex ) llbllx + o (R)]ly. Alto-

gether, using the defining property of ¢; and ¢4, this shows that W —
Oas h — 0x.

[6g(df (z)(h) + dp(R)]z = ”Zde( )(h) + ¢ (h)lly
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6.3 Higher derivatives and Taylor’s theorem

Note that as stated in Fact 6.17 (ii), the set £(X,Y) is a vector space (with
addition and scalar multiplication of linear mappings) which is even normed
with the operator norm. This thus allows for the following definition

Definition 6.21. Let X,Y be normed spaces (over R or C), D C X open,
z € Dand f: D—Y. We say that

o fis twice differentiable (or two-times differentiable) at x if f is differ-
entiable on D and

df: D — L(X,Y),z — df(x)

is differentiable at . The (total) derivative of df at x is called second(-
order) derivative of f at x and denoted by

d?f(z) = d(df)(z) € L(X,L(X,Y)).

o f is twice differentiable if f is twice differentiable at every z € D.
o f is twice continuously differentiable (at x € D). if f is twice dif-
ferentiable and d?f: D — L£(X,£(X,Y)) is continuous (at z € D).
The twice continuously differentiable functions from D to Y are also
denoted by C?(D,Y).
Analogously, we define (k + 1)-th order derivatives, k € N*.
o fis (k+ 1)-times differentiable at z if f is k-differentiable on D and

d¥f: D = L(X,Y),z — d*f(x)

is differentiable at 2. The derivative of d*f at z is called (k + 1)-th
order derivative of f at x and denoted by d**1f(z) = d(d*f)(x) €
L(X,L(X,L(X,...))).

o fis (k+ 1)-times differentiable if f is (k + 1)-times differentiable at
every x € D.

o fis (k+ 1)-times continuously differentiable (at z € D). if f is
(k + 1)-times differentiable and d**1f: D — L(X, L(X, L(X,...))) is
continuous (at z € D). The (k + 1)-times continuously differentiable
functions from D to Y are also denoted by Ck+1(D,Y).

Likewise, we can define higher-order partial derivatives: We start by saying

that partial derivatives we have already encountered are called first-order
partial derivatives. Then for k € N*|

o fis called (k + 1)-times partially differentiable at x € D if f is k-
times partially differentiable (on D) and the partial k-th order partial
derivative

o f

8xi18:ci2 N 6a:ik

D—=Yy—

(y)
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is partially differentiable at x for every 41,42, ...,i € {1,...,p}. These
partial derivatives are denoted by

akJrlf

8%‘1‘1 63@-2 N axik a{L‘ik+l

e In the case that Y = R, we also define the Hesse matriz or Hessian of
f at xz by

Hess(f) (@) = (524 (“")Lj:l RV ¢

Fact 6.22. We discuss some conceptual and notational aspects of higher
derivatives.

(i) We emphasize that for f twice differentiable at x € D, the total second-
order derivative A% f(x) is a linear mapping from X to L(X,L(X,Y)),
in particular, for every v € X, d2f(z)(v) is a bounded linear mapping
from X to Y, i.e., d®f(z)(v) € L(X,Y). Analogous properties hold
for higher-order derivatives.

(ii) As seen in Linear Structures (Algebra) for finite-dimensional X and
Y =R, one can identify the vector space L(X,L(X,Y)) with the the
bilinear forms from X x X toY. More generally, this identification
can be done for L(X,L(X,L(X,...))) with the multilinear forms from

k-times
X x X x -+ x X. This also justifies the more convenient notation

k-times
| (- (@ F (@) (1)) () (w3)) - ) (k) = A" f (@) (v, 02, .., vi)

which we will use in the following. In the case where v = vy = -+ =
v = v, we may also simply

| d*f(z)(v1,va, ..., v) = d¥ f(2)0*

(iii) By Proposition 6.16, applied iteratively, and using that %df(x)(@) =
%%f, one deduces that if f: D — Y is k-times differentiable at
x € D (and X = RP), then [ is k-times Gateauz differentiable (k-
times partially differentiable) at x and

dkf(l')(v17vz,...7vk) iii of

- 8’[11 81}2 8113 87};@(@ EK

for vy, va,v3,...,u € X \ {Ox}.
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Theorem 6.23 (Schwarz). Let X,Y be normed spaces, D C X open and
rxe€D. If f: DC X =Y is k-times totally differentiable at =, then d* f(x)
18 symmetric, i.€.,

dkf(‘r)(vh V2,03, .- ,’Uk) = dkf(x)(vﬂ'(l)avﬂ'(Q)aUTr(3)7 s 7U7r(k))7

for any bijective mapping 7: {1,...,k} — {1,...,k}. In other words, for
totally differentiable functions (for X = RP), the order of the directional
derivatives (the partial derivatives) is irrelevant.

Proof. See Theorem A.3. a

Corollary 6.24. Let D C RP open and f: D — R™ twice continuously
partially differentiable at x € D. Then
0 f o) — 0*f 7)

8xi8xj n 8.1‘]81‘1 ’

i,j=1,...,p.

Proof. In the lecture, we provided a separate proof of this special case of
Theorem 6.23, which is shorter than the one of the general statement, but
requires the stronger assumption of continuous differentiability. a

To further ease notation, it is convenient to use multi-index notation
for partial derivatives whenever their order does not matter: If X = RP
f is k-times totally differentiable (or, even k-times continuously partially
differentiable) we may write for the k-th order partial derivative (if it exits)

and the p-tuple @ = (a1, a2, as, ..., a,) € Nj with |a| = a1+ s+ -+a, =
k,
0% 9 93 o f
d“ = c.
1) = B pag® Ba " e

where we have the convention that %f(x) = f(x).

Note that by Schwarz’ theorem, we have that the Hesse matrix of a twice
continuously differentiable function is symmetric.

Theorem 6.25 (Taylor). Let X be a normed space, k € N*, D C X open
and f: D - R. Ifx € D and h € X such that x +th € D for all t € [0,1]
and f is k-times continuously differentiable at z, then there exists £ € (0,1)
such that

k—1

F@th) =S i f(@) (o B) +od f 4 €R) (b, B)
J=0 I j-times & k-times
and i
o
RN f(x+h) —;ﬁdﬂf(:z:)(h,...,h) =0

j-times

with d°f(z) = f(z).
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6.4 Extreme values

Recall that we have already defined, Definition 4.13 local extrema for func-
tions f: (M,d) — R, where (M,d) is a general metric space. Here, we
will study the relation of differentiability and (local) extrema for functions
defined on subsets D of a normed space X.

Note that while D is not a normed space, D with (the restriction to D
of) the metric induced by the norm of X is a metric space. In complete
analogy to the situation in Chapter 5 for functions in one variable, we have
the following result.

Proposition 6.26. Let X be a normed space, D C X and let f: D - R
be Gateauz differentiable (partially differentiable) at x € D. If f has a local
extremum at x € D, that is, either a local maximum, i.e.,

Je>0Vy €B.(2) : flz)> f(y),
or a local minimum, i.e.,
Je>0Vy €B,(2) = flz) < f(y),

then all directional derivatives(all partial derivatives) equal 0.
If f is even differentiable (and has a local extremum at x € D), then the
total derwative at x equals Oz x Rr)-

Proof. Self-Exercise a

Definition 6.27. Let X be a normed space and D C X open, f: D — R k-
times continuously differentiable and x € D. We say that the total derivative
dk f(x) is
e positive definite, if Ik > 0 Vh € X : d*f(x)(h,...,h) > &||h|¥,
——
k-times
e negative definite, if Ik >0 Vh € X : d*f(x)(h,...,h) < &[/h||F,
——
k-times
e positive semidefinite, if Yh € X : d*f(z)(h,...,h) >0,
k-t

e negative semidefinite, if Yh € X : d*f(x)(h,...,h) >0,
—_——

k-times
e indefinite, if d¥ f(x) is neither negative semidefinite nor positive semidef-
inite. <

We note that for X = R, the differential d* f(x) is positive
negative

and only if f*)(z) 2 0.

definite if
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Theorem 6.28 (Sufficient condition for local extrema). Let D C X open
and f: D — R k-times continuously differentiable, k € N, x € D and

df(z) =0,d°f(z)=0,....,d* Vfx)=0 and d*f(z)+#0.
Then
(i) If k is even and d¥f(z) is

minimum f
mazimum

positive . .
negative definite, then f(x) is a local
at x.

(ii) If k is odd or d* f(z) is indefinite, then x is not an extremum.

(iii) If f has a manimum, x, then k is even and d*f(x) i positive
mazimum negative

semidefinite.

Proof. We prove (i) and refer to the literature for the other assertions.
Suppose k = 2m for some m € N* and that d* f(z) is positive definite. Let
d > 0 such that Bs(z) € D. Then by Theorem 6.25, there exists £ € (0, 0)
such that for every h € B;s(0)

fl@+h) = f@) = ydkf(x)hk + Ricae,s (),

with Ry, o f = % (dkf(x + &ER)RE — dkf(x)hk‘). Furthermore, by Theorem 6.25

[ Rz, p (R)] <

for all h € Bs/(0), where ¢’ € (0,0) is chosen sufficiently small. Therefore,
by assumption that d* f(z) positive definite,

K K
fle+h) = f(z) 2 sllbllx = SlRl5 = SRl

Therefore, f has a local minimum at x, which is even strict since the last
term is (strictly) positive.

The case that d* f(x) negative definite follows readily from what has
been shown by considering — f instead of f. d

The following result helps to check the conditions posed in the previous
results regarding definiteness in the case that X = RP and k = 2.

Proposition 6.29 (Definiteness of Hessian). Let X = R? and k = 2 in the
situation of 6.28. Then:

positive positive
. negative . . negative .
d? L . definite < H o . definite.
f(x) is positive sema- cfinite ess f(z) is positive semi- cfinite
negative semi- negative semi-

Therefore, d2 f(z) is indefinite if and only if Hess f(x) is indefinite.
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Proof. It remains to show that Hess f(x) > 0 in the sense of bilinear forms,
implies that there exists £ > 0 such that

hT Hess f(x)h > x| h? (6.5)

for all h € RP. To see this note first that the set K = {h € RP : ||h]s = 1}
is compact by Bolzane—Weierstrafs. Further note that the mapping

g: h h" Hess f(z)h

is continuous from R? to R. Therefore g attains a minimum & on the set K.
This minimum must be greater than 0 since, by assumption g(h) > 0 for all
h # 0. Therefore, g(h) > & for all h € K and (6.5) follows for general h by
dividing h by its norm (if nonzero). Q

Reminder on Linear Algebra. The symmetric bilinear form repre-
sented by a matrix B € RP*P (with respect to the canonical basis)

positive

negative
positive semi-
negative semi-

definite, if kT - B-h ° 0Vh € R\ {0}.

INIV AV

This property is equivalent to stating that the eigenvalues of (the linear
positive
negative
greater or equal 0 °
less or equal 0

mapping given by) B are

Corollary 6.30. Let D C RP be open and f: D — R twice continuously
differentiable and x € D.

(i) Then grad f(x) =0, if f has a local extremum at x.
positive
negative

(ii) If grad f(x) = 0 and Hess f(x) is definite, then f has a strict

I Minimum at =

loca !
Mazimum

6.5 Exercises
Exercise 6.1. Let f: R? — R be given by

2,2
fog) o ATy @D # 00,

0, if (z,y) = (0,0).

(a) Determine all points in R? at which the function is continuous.
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(b) Show that the partial derivatives % (z,y) and 8% f(z,y) exist at every
point (z,y) € R?.

(c) Show that the partial derivatives % I 8% f are continuous as functions
from R? — R. <
Exercise 6.2. Let g: R2 — R be given by
I i () £ (0,0)
glx,y) = Tyt ’ o
0, if (x,y) = (0,0).

(a) Determine all points in R? at which the function is continuous.
(b) Argue that all directional derivatives exist for all (z,y) # (0,0).
(c) Calculate the directional derivatives in (0, 0). <>

Exercise 6.3. Let f and g be defined as in Exercise 6.1 and Exercise 6.2.
Find the Jacobian of the function h: R? — R? given by

h(x,y) = (f(x,y),g(x,y)), (x,y) € RQv

and the directional derivative g—Z(O, 0) for v == (1,1). <

Exercise 6.4. Let A € R™9 be a square matrix such that ||A| < 1 show
that

(I-A)t=>) Ak &
k=0

Exercise 6.5. Consider the function f: R?2 — R given by

(a) Prove that f is continuous.

(b) Compute the partial derivatives %(m,y) and g—lf/(az,y).

(c) Is f differentiable at (0,0)? <

Exercise 6.6. Let I(x) := ffzexp(x) cos(xt?) dt for z € R. Calculate I'(x)

Hint: You can regard the function J(z,y, 2) = fyz cos(xt?) dt and write I as
a composition of J and other mappings. e

Exercise 6.7. Let A € R¥? and 2z € RY. We define f: R? — R? by
f(z) = Az and g: R? — R by g(z) :== 2" Az. Calculate their derivatives df
and dg. &
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Exercise 6.8. Let f: R? — R be given by

3

faw) = TR
0, if (z,y) = (0,0).

(a) Show that f is continuous.

(b) Show that f is partially differentiable and find the gradient grad f(z,y)
for all (z,y) € R%.

(¢) Show that the directional derivative % f(z,y) exists for every (x,y) €
R? and v € R?\ {(0,0)}.

(d) Show that f is not (totally) differentiable in (0, 0). <>

Exercise 6.9. Let fy: R — R be defined by

l’*LI‘J, ifz — LxJ G[Oal)a

fo(z) = _ ) :

1= (z—|z]), ifx—|z]el51).
Here |-] denotes the floor function.
1 — Jfo
— f2

N

1 2 3

Also define fi: R — R by fi(x) := fo(2¥z)/2* for z € R and k € N*.
(a) Show that fy is periodic with period 1.
(b) Show that f: R — R given by

is continuous.

(c) Let k € N*. Show that for every z € R with 2¥*1z ¢ 7Z it holds that
fi(x) e {-1,1}.

(d) Let z € [0,1). For every n € N* let p = p,,, € Z be such that
z € [£, 2] = [a,,b,). Show that for every k € N* and n > k the

o
fr(bn) — fr(an)

bn — Qn

value
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only depends on k (and not on n) and is either —1 or +1. Denote this
value by cg.

(e) With the assumptions in (d), show that for every n € N*,

n—1
S o= f(bn) — flan)
cp=—">——"
b, — a,
k=0
and conclude that f is not differentiable at z. <+

Exercise 6.10. Calculate the Jacobi matrix of f: R? — R? given by

JIQJ? — X
fa) = <cos<2 - xf;xg) .

Argue whether the Frechet derivative df exists. If it exists calculate df.

Moreover, calculate the directional derivative %(0, 0,1)forv==(341).

Exercise 6.11. Calculate the Jacobi matrix of f: R? — R? given by

cos(z2) cos(x3)
f(x) ==z | sin(zz) cos(xs)
sin(z3)

Moreover, calculate det (%(x)) <>

Exercise 6.12. Let ¢ € R. Determine the Hesse matrix of f: R? —
R, (z,y) — ¢ — 2% — y2, and determine the local and global extrema. <

Exercise 6.13. Let f:[0,1] x [0,1] — R be given by
f(z,y) =32 —2(y + 1)z + 3y — 1.

Find all local extrema in (0,1) x (0,1) and all global extrema in [0, 1] x
[0,1]. <>

Exercise 6.14. Let X, Y be normed vector spaces, D C X open and
f: D — Y. If the total differential df is continuous, then all directional
derivatives of f are continuous. <
Exercise 6.15. Regard the function f: C\ {0} — C given by f(z) :== % as
function f: R2\ {(0,0)} — R2? by decomposing z and f(z) into their real-
and imaginary part, i.e., a complex number z can be identified with the real
vector 7= (Rez),

Im 2z

(a) Calculate df.
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(b) Show that for z € C\ {0} and h € C

Y h
df(2)h o)

Il

in the sense that we either understand both sides as real vectors or
complex numbers.

(c¢) Show that also in the complex number sense the derivative in z # 0
exists, i.e., the limit

1
h%l:{%o} 5 ([(z+h) = [(2))

exists. Note that the main difference is that % is a complex number
and the limit is taken in C. <

Exercise 6.16. Let X, Y be normed vector spaces and T: X — Y a linear
and bounded mapping, i.e., T € £(X,Y). Show that the operatornorm
[Ty

1T =
zex\{o} ]l x

is indeed a norm on £(X,Y). <>

Exercise 6.17. Let X, Y and Z be normed vector spaces. Show that the
operatornorm is sub-multiplicative, i.e.,

12Tl o x,2) < 1 T2lleev,2) 1Tl 2 x v

for arbitrary 71 € L(X,Y) and Ty € L(Y, Z).
Use the sub-multiplicativity to show that for a Banach space X and
T € L(X) such that ||T]| < 1 the series

>r
k=0

is convergent and equals (I —T)7!. <

Exercise 6.18. Let X be a Banach space? and Inv X denote the set of all in-
vertible linear bounded operators, i.e., Inv X := {T € £(X) | T is invertible}.

(a) Show that Inv X is open in £(X) by showing that for every invertible
T and every S € B_1_(0) the operator T'+ S is invertible.

=1y

(b) Calculate the derivative of f: Inv X — £(X), T — T~

2A Banach space is a normed vector space that is complete, i.e., every Cauchy sequence
converges.
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Hint: You may use Exercise 6.17. e
Exercise 6.19. Let f: B;(0) C R? — R be given by
f(x7y) = 23:3 - 3y2a

where B1(0) is the closed unit ball, i.e., B;(0) = {(z,y) € R? | 2% + ¢y < 1}.
Find all local extrema in the interior (i.e., in B1(0)) and all global extrema
(i.e., in B1(0)). <>

Exercise 6.20. Let f: B;(0) C R? — R be given by
f(z,y) = 4a* — 3zy — 1.
Find all local extrema in the interior and all global extrema. <>
Exercise 6.21. Let f: R? — R be given by
roy s ) £ 00)
0, if (z,y) = (0,0).
(a) Investigate whether f is (continuously) differentiable.
(b) Find all local extreme values.

(c) Find all global extreme values. <



Chapter 7

The Riemann integral for
functions in several variables

7.1 Multidimensional integration

Definition 7.1 (Rectangles and grids). Let @ be a subset of RP.

(i) We say @ is a p-dimensional rectangle, if it can be written as
Q= la1,b1] x ... x [ap, by = {x €R? | &; € [a;,b;] Vi € {1,...,p}},

and we denote its volume by |Q| = (b1 —a1) - ... (b, — ap).

(ii) A grid G on a p-dimensional rectangle @ is the collection of rectangles
obtained by a subdivision of the sides of @), that is, for each dimension
i =1,...,p there is a partition P;(G) = {},...,z} } of [a;,b;], and
the elements of G are all rectangles (); that are of the form

Qj =TI x...x I, with I; = [z}, _, 2} ].

For two grids G1, G2 on the same @, we say that Gs is finer than G
if Pi(G1) CPi(Ge) foralli=1,...,p. <&

Definition 7.2. For a subset £ C RP contained in a rectangle @) and a grid
G on @, we call

V(E,G) = Y @l (7.1)
QG
Q;NE#D
the outer sum of F with respect to G. <+

Lemma 7.3. For any subset E C R?, if G is finer than G1, then V(E,G3) <
V(E,Gy).

129
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Proof. By G5 being finer than G1, each rectangle of GG; is a finite union of
rectangles of Ga, so we can write V(E, G1) as a sum of volumes of rectangles
of G5. Let us group them as

n={Qec:|QnE £0},
IQZ{QgGQ\Il‘QgéWhGI‘GQGGl andéﬁf#@}.

Then
V(E,G) = > QI+ D> 101> Y |Ql=V(E,Gy). Q

QeI QeI Qe

Definition 7.4. A subset F C RP is of volume zero, whenever given € > 0
there is a rectangle @ O E and a grid G on @ such that V(FE,G) <e. <

Definition 7.5. A subset E C RP is called a Jordan region, whenever it is
bounded and its boundary JF is of volume zero. In this case, we define

Vol(E) =inf{V(FE,G) | G is a grid on Q}. (7.2)
and call it the Jordan content or volume of E. <>

Example 7.6. (a) Let E = Q?nN[0,1]? be the points of the unit square
with rational coordinates. Then since F is dense, OF N [a1,ba] X
[az,b2] # @ for all a; < by and az < by, meaning that V(9E,G) = 1
for any grid G on Q = [0,1]%, and E is not a Jordan region.

(b) For E = [x,y] = {(1-t)x+ty | t € [0,1]} for x,y € RP, it is reasonably

easy to check that it is of volume zero and J[x,y] = [x,y]. This does
not prevent it from (trivially) fitting in Definition 7.5, we just have
Vol([x,y]) = 0. <>

Remark 7.7. In the definition above we make use of a rectangle ) containing
E. However, the definition does not depend on which rectangle we choose. To
see this, assume that f satisfies the definition with @ = [a1,b1] X ... X [ap, bp]

and let Q = [a1,b1] X ... X [ap,by] 2 E. If G is a grid on Q made up of
partitions P;(G), we can refine it to a new grid G’ (still on @) with

,Pl(G/) = ,Pi(G) @] {max(ai, CNLl), min(bi, bz)},
and define G on @ by
Pi(G) = Pi(G") N [as, bil,

for which V (FE,G) = V(E, G") since the rectangles of either not in common
with the other cannot intersect E. Since the definition of Vol involves an
infimum over all such partitions and we can exchange the roles of Q, and Q,
the result must be the same in both cases. <
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Definition 7.8. Let E C R? be bounded, f: £ — R be a bounded function
which we extend to all of R? by setting f(x) = 0 for x ¢ E, Q an p-
dimensional rectangle with £ C ), and G a grid on Q. We call

L(f,G)= ) @] jnf f(x), and U(£,G) = > 1@l sup f(x)

Q,€q Q,€qG XEQ;
Q,;NE#D Q;NE#D
the lower sum and upper sum of f on E with respect to G. <

Remark 7.9. If G5 is finer than G4, then
L(f,G1) < L(f,G2) <U(f,G2) < U(f,G1).

To see this, we can argue that as in Lemma 7.3 any rectangle Q; €Gisa
finite union of disjoint rectangles of G, that is,

N, N; N;
Q=@ 1Qi1=>_1Q7, Qi sup f(x)>> |Q? sup f(x),
i=1 i—1 x€Q; i=1 x€Q?

so that summing over all Q} we get U(f,G1) > U(f,G2), and similarly
L(f7G1)§L(f7G2) <

Definition 7.10. For ¥ C RP bounded, a bounded function f: F — R, we
define the lower integral and upper integral of f on E as

/ f(x)dx :==sup{L(f,G) | G is a grid on @}, and
JE

/ f(x)dx == inf{U(f,G) | G is a grid on Q}.
E

The function f is said to be Riemann integrable whenever for every ¢ > 0
there is a grid G on a rectangle @ O E for which

U(f,G) — L(f,G) < e.

In this case we have
x)dx = x)dx 7.3

and we call this common number the integral of f on E, which we denote as

[E F(x) dx. %

Remark 7.11. As in Remark 7.7, this definition does not depend on @,
because we can transfer grids between rectangles containing E without
affecting the value of the supremum and the infimum in (7.3). &>
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For the next theorem, we will need a lemma (which also contains the
definition of a connected metric space):

Lemma 7.12. Let E C RP be convex. Then it is connected, that is,

(E:E1 UE, for E; = (0; N E), O; CRP open, By N Es :@)
— (Elzw OTE2:®>.

Proof. Assume that E is not connected, that is, there are O, Oy C RP
as in the statement with O; N E # (). Pick arbitrary x; € O; N E for
¢t = 1,2. Defining the continuous function g: [0,1] — E with g(t) =
(1—t)x1 +tx2 (note that g(t) € E because E is convex), the sets g~} (O1NE)
and g~1(Oy N E) are open in [0,1], disjoint and nonempty, and we must
have

0,1] =g /(01 NE)Ug (02N E),

but [0,1] is connected. To see this, take Uy, Uz disjoint, open in [0, 1] and
with Uy U Uz = [0,1], choose arbitrary ¢; € Uy, to € Uz with t; < ¢
(which is always possible, switching U; and Us if needed), and consider
c:=sup{t € Uy | t <t3}. Then ¢ € [0,1] since it is an interval, and since
U1N[0,1] is closed in [0, 1], also ¢ € Uy. But Uy is open in [0, 1], so if ¢ < 1 we
get a contradiction, and if ¢ = 1 then we must have ¢t = 1 and Uy N Us # 0,
again a contradiction. a

Theorem 7.13. If E C R? is a closed Jordan region and f: E — R is
continuous, then f is integrable.

Proof. Since F is bounded and closed, by the Heine-Borel theorem it is
compact and hence f attains its maximum and minimum, so it is in particular
bounded and there is M > 0 for which |f(x)| < M for all x € M. Now, fix
€ > 0 and let @ be a rectangle such that £ C @Q. Since F is a Jordan region,
there is a grid Gy on @ for which

9

Moreover, since f is continuous on a compact set it is uniformly continuous
on E by Theorem 3.18, that is, there is § > 0 such that

Wx,y € E with [x —y|| <8 : |f(x) = f(y)| < ﬁ.

Now, construct G by refining Gy in a way that |x —y|| < dif x,y € Q; €
(1, which we can do by, for example, making sure that the coordinates
v} € Pi(Gh) satisty v}, —x},_,| < 0/,/p. Further, for any Q; € G we denote

M; = sup f(x), and M; = inf f(x).
x€EQ; x€Q;



7.1. Multidimensional integration 133

Now we notice that any rectangle Q; with Q; N E # ) , since these are
connected by Lemma 7.12, must either be completely contained in E° or
intersect OF, because otherwise we would have Q; = (Q;NE°)U(Q;NRP\ E).
With this and Lemma 7.3, we can estimate:

U(f,G1) — L(£,G1) = > 1Q;|(M; —m;)

Q;NE#D
= > QM —my) + > |QI(M; —my)
Q,;CE° Q;NOE#D
g
< 20| doolQil+2M > |yl
Q;CE° Q]ﬁaE;é@
€
< — +2M V(OFE,G
1> e g
§§+2MV(6E,GO)<§+§:€. a

Proposition 7.14. If f,g: E — R are integrable functions on a Jordan
region £ C RP and c1,co € R, we have

[ o1+ cagtix=er [ ixjaxe [ atax

and if f(x) < g(x) for all x € E, also

/E J(x) dx < /E 9(x) dx.

Moreover, if E1,Es C E are Jordan regions with E1 N Ey = 0 and f is
integrable on both E1 and Fs, then it is integrable on E1 U Fs and

/ f(x)dx = f(x)dx+ f(x)dx.
FE1UFE> E; Es

Proof sketch/ideas. The first and second are immediate from the defini-
tion in terms of lower and upper sums. For the third, one can create a new
grid by taking the unions of the partitions coming from F; and Es. a

Theorem 7.15 (~Fubini). Let Q = [a1,b1] X [a2,b2] and f: Q — R be such
that

(i) f integrable on Q.
(ii) f(z1,-) is integrable on [as,bs| for each x1 € [ay,b1].

(iii) f(-,x2) is integrable on [a1,b1] for each x4 € [az, ba].
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Then
/ fx)dx
[a1 ,bg] X [{lg,bz]

bo b1 by ba
:/ f(x1, ) dry | dag :/ f(z1, x0) dao | day .
az ay ay az

Proof. We have defined grids G in terms of partitions for each coordinate,
so it’s convenient to relate two-dimensional lower and upper sums to the
iterated integrals. We start by taking a grid G constructed from partitions
Pi(G) = {zi,..., ! } such that

U(f,G)—E</[ - b]f(x)dx<L(f,G)+£

On it, we can estimate

7by V2
/ ( flx1,x2) dx2> dr; = Z/ < , f($1,$2)d$2> dz

=1"%k—1
< ZZ / (/ f QCl,"EQ) dl’g) diL’l
j=1k=1
< ZZ(%I - %1—1)@% - xﬁ_l) sup f(x)
j=1k=1 x€Qjk
=U(f.G),

where we have denoted Qjr = [zj_;,2]] x [z} _,,x]. Since the left hand
side does not depend on ¢ and arguing similarly for the lower integrals and
lower sums, we end up with

b1 b

/ f(X) dx S / ( f(xl,.’lig)dxg) d1‘1
[a1,b2] X [az,b2] Jay as
7b1 ba

S / ( f(xl,xg)da:2> dxl

< / f(x)dx. a
[al,bg] X [a2,b2]

Definition 7.16. For x € R? and j € {1,...,p} we define

= T
X)) = (xlw--azj—l,iﬂj.t,_h...,:cp) ,

ie., X € RP~! denotes the vector x without x;. Furthermore, we call
E C RP? a projectable region, if there is a closed Jordan region H C RP~!, an
index j € {1,...,p} and two continuous functions 6,6, : H — R for which

E= {X eR? ‘ x(;) € H and QK(X(j)) <z; < HU(X(j))} <
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Proposition 7.17. If E C RP is a projectable region arising in direction j
over the Jordan region H and with the bounds 0,,6,. Then E is a Jordan
region, and if f: E — R is continuous, then

O (x(5))
/f(x)dx:/ {/ f(wy, .. mp)de; | dxg) .
E H eg(X(j))

Proof sketch/ideas. We will see in the exercises that sets defined like
E are Jordan regions. The formula for the integral is from Fubini, after
extending f by zero to a rectangle containing F. d

Example 7.18. It is useful to remember that Proposition 7.17 can be used
iteratively. For example, we can compute the integral of f: £ — R where F
is the “half-ball”

E :El(O) ﬂ{($1,5€2,1‘3)—r | T3 Z O} Q Rg

with an iterated integral (notice that there are different options!) as

1 \/lfx% \/17(m§+z§)
/Ef(x) dx = [1 [/ — l/o f($1,$27I3)d$3] dle dz .

<>

Theorem 7.19 (Change of variables). Let E C R? be a Jordan region, and
®: E — RP be continuous on E, injective and Ct on E°, such that ®(E) is
also a Jordan region, and with det d®(x) # 0 for all x € E°. Then, if f o ®
is integrable on E and f is integrable on ®(F), we have

/ fly)dy = / f(@(x)) - [det dP(x)| dx. (7.4)
3(E)

E

Proof sketch/ideas. The infimum and supremum of an integrable function
are close to each other in most rectangles of finer and finer grids, and Jordan
regions are well approximated by unions of rectangles. On the other hand,
|det d®(x)]| is the factor of change of volume of a rectangle under the linear
transformation d®(x), which is itself a local approximation of ® near x. The
fact that we have to deal with the deformation by ® of rectangles in grids
on @ 2O F and their relation with grids on Q' O ®(FE) makes the proof quite
involved. d
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Chapter 8

Conclusion and Outlook

In this lecture, we have established the foundational concepts of analysis by
introducing:

e The real numbers R;

e Sequences, series, and their limits;

e Continuity of functions;

e Derivatives in one and multiple variables;

e Integrals, and their connection to derivatives via the Fundamental
Theorem of Calculus (Theorem 5.11).

These concepts form the basis for numerous applications in fields such as
engineering, data science, and economics, where they provide powerful tools
for modeling and solving real-world problems.

As you progress in your studies, you will build upon these ideas in areas
such as differential equations, Fourier analysis, and optimization, which
extend the power of analysis to even more complex problems. The typical
“next step” in analysis covers more involved integrals (such as over curves
and surfaces), topology and manifolds and, in modern presentations, hinges
on a good portion of measure theory. See for instance, [6].

Furthermore, these concepts are integral to other branches of mathemat-
ics, such as topology and functional analysis, and have deep connections to
real-world applications, ranging from machine learning to financial modeling.

Finally, we hope you have gained an appreciation for the unparalleled
certainty and rigor of mathematical reasoning—something unmatched by
other disciplines. To conclude with a touch of humor—after all, a picture
says more than a thousand words—the xkcd comic Figure 8.1 captures the
spirit perfectly.
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Figure 8.1: Purity: https://xkcd.com/435/
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Appendix A

Schwarz’s theorem

In this chapter we will give a more general version of Schwarz’s theorem
that does not rely on the continuity of the second derivative. Nevertheless
we will restrict ourselves to the case where f: D CRP — Y, i.e., the domain
of f is a subset of X = R and the codomain Y is a (real) Hilbert space.

We follow [1] for the proof of Schwarz’s theorem. However, in [1] the
authors deal with an even more general case, namely f: D C X — Y, where
X,Y are real or complex Banach spaces. We present a less general version
of Schwarz’s theorem so that we avoid Banach space theory like the theorem
of Hahn—Banach.

Lemma A.1 (Mean value inequality). Let Y be a real Hilbert space, D C RP
open, f: D C RP — Y be differentiable and x,y € D such that also the
connecting line [x,y] is contained in D, i.e., [x,y] C D. Then there exists a
& € [z, y] such that

£ () = f@)lly < [[df(E)(y — )]y

We will boil it down to the mean value theorem Theorem 4.16.

Proof. We define g: [0,1] — R by

AW fE)
g(t)'_<|f(y)—f(w)|’f( iy = @)~ S )>y'

Note that by construction we have g is continuous on [0, 1] and differentiable
on (0,1). Moreover,

9(0) =0 and g(1) = [If(y) = f(@)lly-

Hence, by the mean value theorem Theorem 4.16 we obtain an n € (0,1)
such that

175) — S@)lh = o) — g(0) = LD=IO _ )
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By the chain rule and Cauchy—Schwarz we have

g'(n>< fy) — () df<z+n<yx>><yx>>

1f () = f@@)]I” y
< [ldf (@ +n(y —2)(y — 2)ly-
Defining ¢ = x + n(y — «) finishes the proof. u

Before we come to Schwarz’s theorem we want to give the following
characterization of differentiable.

Proposition A.2. Let D C RP be open, Y a Banach space and f: D C
RP — Y. Then the following are equivalent:

(i) f is differentiable in xo € D.
(ii) There exists a continuous function ®,,: D — L(RP;Y) such that

Yy € D : f(y) — f(zo) = Puy(y)(y — T0).

Moreover, if (il) holds then df(zg) = @y (x0).

The property (ii) in Proposition A.2 is called Carathéodory differentiable
and is—as shown in the following—equivalent to (Fréchet) differentiable.
However, as this characterization does not involve error functions, it is
convenient for proofs, especially for Schwarz’s theorem.

Proof. [&]: We use as candidate for the derivative A := &, (o).

1f(z +h) = f(x) = AR = [[®uy (x0 + h) () = Puy (20)(R)]|
<@g (o + ) = @ay (o) [[[[ ]

o

A1l
for h — 0. This shows that f is differentiable in o with derivative df(z
A= (I)wo (.270)

[=]: If f is differentiable in g, then we define

Hence, the error function ¢(h) := f(z+h) — f(x) — A(h) satisfies lothl _,
0)

df(l'o), Y=o,

o ()= f(y) = f(w0) —df (z0)(y—0) / y—70
lly — o] <”y_x0”,>+df(:c0), y # 0.

By construction we have for y € D:

Dy, (4)(y — o)

_ ) — flao) —df(zo)ly —20) / y—x0 )y —
- Iy —aol <y—xo||’y °>*df( ) - a)

=lly—zol|

= f(y) = f(=o).
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The continuity of ®,, for y # x is straightforward. Therefore, we will check
continuity in xg:

[ @2 (y) — Pay (w0 II—Hf )_df(%)(y_m)< — >H

|y — o ly — @ol|’
<|[(w=r = - T -
ly = xol|’ IIy—xII ly — ||
for y — x(, which finishes the proof. d
Note the function ®,, mimics the one-dimensional secand: For f: D C
R—-Y
f(y) — f(x0)
Yy—=2o

Contrary to the one-dimensional case, we need to define ®,, also for other
directions, which is done in the proof by tangential directions. However,
there might be multiple @, that satisfy (ii), but ®,,(xo) will always be the
same as the Frechet derivative is uniquely determined.

Theorem A.3 (Schwarz). Let Y be a Hilbert space and f: D CRP — Y
differentiable such that df is differentiable in xy € D. Then for u,v € RP

we have
42 f (o) (u, v) = d* f (o) (v, ).

Proof. For fixed u,v € RP there exists a small enough s > 0 such that
2o+ ru+tv € D for r,t < 2s. We fix this s and define hy: [0,s] = Y and
gs: [0,8] = Y by

hs(t) = f(zo+su+tv) — f(wo+tv) and gs(t) = hs(t) — std® f(xo)(v,u).
By the mean value inequality Lemma A.1 there exists a &, € (0, s) such that
195(s) — gs(0)[| < [lg"(&s)(s = O)]

or equivalently (gs(0) = hs(0))

15 () = hs(0) = s7d® f(zo) (v, u) || < [R5 (&s)s — s*d* f(wo) (v, w)l|. (A1)
by the chain rule we have
hL(t) = df(zo + su + tv)(v) — df(zo + tv)(v)

— (af (o + su+tv) = df(20) ) (v) = (af (wo + tv) = df (o) ) (v)

Proposition A.2 applied on df(-)(v) gives a ®,, such that

hL(t) = @y, (w0 + su+ tv)(su + tv) — Py, (T + tv)(tv)
= D, (20 + su+ tv)(u) + tP,, (o + su + tv)(v) — tP,, (2o + tv)(v)



142 A. Schwarz’s theorem

In particular for t = £, we have

he(&s) = 8Py, (z0 + su + Esv)(u)
+ gsq)mo (xO + su + fsv)(v) - gsq)mo (xO + 551}) ('U) (AQ)

Finally,

H hs(s) = hs(0)
2

— d*f(w0) (v, u)

S

(A.2)
< ||(I)Io (:L.O + su+ SSU)(U) - de(‘TO)(U7 u)”

+ %H(I)xo (IO + su + 63’0) (’U) - (I)aco (l’o + ESU)(U) ||

Since & € (0, s), we have % € (0,1) and & — 0 for s — 0. By the continuity
of ®,, we conclude

hs(s) — hs(0)

lim = — A2 f(xo)(v,u)|| = 0.

s—0

Note that hs(s) — hs(0) is symmetric in u,v € RP. Hence, if we repeat the
previous steps with u, v swaped we obtain
hs(s) — hs

& (o) (u,0) = tim 22 =120 _ o 30 ). a

s—0 82
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